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Oceanographic Information for 
Engineering Submarine 


Cable Systems* 


By C. H. ELMENDORF and BRUCE C. HEEZIEN 
(Manuscript received June 4, 1957) 


Information on the environment in which submarine cable systems are 
placed ts of vital interest in designing, selecting routes for, placing, and 
repatring this type of communications facility. Existing data are sum- 
marized and evaluated, and their application to submarine cable systems 1s 
considered. 


I. INTRODUCTION 


1.1 General 


Oceanography, broadly defined, includes the study of all aspects of 
the oceans. As a science, it is concerned with gathering data and de- 
vising theories which describe and explain the past, present, and the fu- 
ture of the oceans. Oceanography includes physical description of the 
topography, sediments, and temperature of the ocean bottom; investi- 

* This is Lamont Geological Observatory Contribution No. 251. Dr. Heezen is 
a member of the Lamont Geological Observatory of Columbia University. Addi- 


tional information on this subject is being presented by Dr. Heezen in a publica- 
tion by the Geological Society of America. 
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gation of currents and circulation; study of the geology of the earth’s 
crust under the ocean; and investigation of biological factors. 

In designing, in finding the best route for, in laying, and in repairing 
a submarine cable system one can benefit from as detailed a knowledge 
of the ocean floor as can be obtained. However, the vastness, complexity, 
and inaccessibility of the ocean bottom make its study difficult. One 
must depend on limited data, interpreted with the aid of a knowledge of 
the earth sciences. The acquisition of specific engineering information is 
further complicated by the inaccuracies of much of the existing data, 
and the rudimentary nature of many present theories. Yet, by culling, 
codifying, interpolating, and interpreting the data gathered during the 
past hundred years, much can be learned that is applicable to particular 
cable routes. Further, methods now exist for surveying and describing a 
route with a thoroughness and accuracy that will permit many refine- 
ments in the engineering of future submarine cable systems. 

In this paper specific problems of immediate interest in the engineer- 
ing of submarine cable systems are discussed in order to give a perspec- 
tive of the use of such data in current applications. Emphasis is placed 
on the state of existing knowledge and on the accuracy of available data. 
The work reported forms a foundation for more detailed studies of spe- 
cific routes and for the application of knowledge which will be derived 
from rapidly expanding oceanographic studies to the particular problems 
of submarine cable systems. 


1.2 Application To Submarine Cable Systems 


How are oceanographic information and technique applied in the se- 
lection and description of the detailed path of a new cable? First, vari- 
ations on a direct route must be examined to avoid ocean bottom condi- 
tions which may result in cable failures. Studies of telegraph cable fault 
records indicate that many of the deep sea cable breaks occur where 
cables pass over sea mounts, canyons and areas susceptible to turbidity 
currents, and an effort must be made to avoid such hazards. Topographic 
studies form the basis for both initial route selection planning and for 
a preliminary description of the selected route. 

This description will include, where data are available, an exag- 
gerated depth profile uncorrected for angle of the sound beam of the 
sonic depth recorder, a corrected 1:1 depth profile where necessary, 
and a temperature profile. Also, bottom characteristics, including photo- 
graphs, can be collected for the particular route. These data will be 
essential in planning a detailed survey of the route, and they will provide 
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preliminary information for the determination of the amount of cable 
required, for system transmission planning and for studies of cable- 
placing techniques. | ; 

One of the fundamental requirements in cable laying is the deposit 
of a sufficient amount of cable to cover irregularities of the bottom 
without introducing dangerous suspensions and without laying a waste- 
ful amount of excess slack. Satisfaction of this requirement will require 
the most detailed possible knowledge of bottom topography, coupled 
with knowledge of the kinematics of the cable laying process. 

A determination of required cable strength does not directly call for 
an extremely accurate knowledge of bottom depth and contour. The re- 
quired cable strength is determined by cable tension during recovery, 
which is two or more times that experienced during laying. Although 
the required strength is directly proportional to the depth, it is also 
affected toa major degree by the ship speed, cable angle during recovery, 
and the ship motion caused by waves. The ship motion can be controlled 
to some extent by seamanship and choice of the time at which the re- 
covery is to be made. 

Further, the design strength of the cable is in large measure deter- 
mined by the strength of available steel and the amount of steel that 
can be accommodated in an economical over-all design. Thus, uncer- 
tainties of 5 to 10 per cent in the maximum depth of the water on a route 
would not affect the cable design. Yet, during a critical recovery situ- 
ation, a more accurate knowledge of depth would be useful in planning 
and executing the operation. 

The integrity of the cable will depend on the choice of materials to 
withstand biological factors and wear on the ocean bottom. A companion 
paper? discusses the resistance of likely cable-sheath materials to attack 
by marine borers and bacteria. 


Il. TOPOGRAPHY 
2.1 General 


Mapping the ocean bottom involves depth measurements coupled 
with a knowledge of the location on the earth’s surface of the points 
at which these measurements are made. There exists a vast store of 
data on the depths of the oceans taken by hundreds of observers and 
expeditions over the past hundred years. It is not surprising that many 
of these data are of questionable accuracy due to errors in navigation, 
soundings, plotting, and interpretation. Thus, before existing data can 
be used for the engineering of submarine cable systems, it is essential 


TABLE I— Marine NAVIGATION SYSTEMS 





Name 


Description 





LORAN 

SHORAN 

DECCA NAVIGA- 
TOR 

LORAC 

CONSOL 


SOFAR 


TACAN 


Measures time difference between 
pulses transmitted by two or 
more shore station groups. 

Radar system: shipboard equip- 
ment triggers two shore stations 
to determine position. 

Measures phase difference in con- 
tinuous waves transmitted by 
two or more shore stations. 

Measures phase difference in con- 
tinuous waves transmitted by 
three shore stations. 

Radio determination of great 
circle bearing of transmitting 
station. 

Experimental underwater sound 
system; shore stations determine 
distance to under-water explo- 
sion. 

An electronic position indicator 
which measures distances from 
ship to each of two shore sta- 
tions, using a pulse technique. 

Provides range and bearing from 
transmitter. 





* Ground wave; Sky wave range up to 1400 miles with decreased accuracy (15 miles at max. 





Range 


900 miles* 
Line of sight 
240 miles 

100 miles 
1500 miles 


4000 milest 


350 to 500 miles 
(max.) 


Line of sight 





Accuracy 


+2 mile at short 
range 


+50 feet 
+100 yards 
+50 yards 


+0.2° to 1° 


+4 miles 


+75 yards. (in 
measured dis- 
tances) 


Range -}4 mile, 
bearing +32° 





Coverage 


Good over N. Atlantic steamer 
routes; spotty elsewhere. 


Nil 
Good around British Isles 
practically nil elsewhere. 


Used as a temporary installa- 
tion for special purposes. 


Eastern North Atlantic 


Eastern Pacific only 


Developed by U.S.C. & GS. 
for surveying purposes, 
temporary installations. 


Experimental only 








+ Range limited by size of basin and topographic obstructions. 


range). 
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that it be compiled, evaluated, and culled with due regard for the sources, 
inherent errors, and possible misinterpretations. The data remaining, 
after this type of review can then be combined with other knowledge 
from the earth sciences to provide the best available maps and profiles. 


2.2 Instrumentation for Topographic Studies 
2.2.1 Navigation 


Celestial navigation, depending on hand sextant sights of heavenly 
bodies and subsequent solution of an astronomical triangle, is the only 
method available in all parts of the world. It is, of course, useless during 
periods of poor visibility. Positional accuracy of +3 mile can be obtained, 
although the usual accuracy is +2 to 5 miles. During the interval 
between sights, an estimated position is computed by dead-reckoning 
methods, assuming the ship’s speed and course to be known. Speed 
determined by propeller revolutions or by a pitometer log is subject 
to the influence of winds, seas, and currents. The ship’s heading is 
indicated by compass, but the course actually traveled by the vessel 
is affected by all the same variables that affect the speed. Starting 
from a celestial or radio fix, a good navigator can plot a dead-reckoning 
track with little error over short periods of time under ideal conditions. 
The probable error increases rapidly with elapsed time under less than 
ideal conditions. 

Some of the existing radio navigational systems and their limitations 
are listed in Table I. 


2.2.2 Echo Sounding Errors and Corrections 


Present-day echo sounders, operating with a total beam angle of 
about 60 degrees, indicate the distance to the best reflectors within 
the effective cone of sound. Neglecting scattering layers, which can 
usually be eliminated from consideration by interpretation, the best 
reflector will coincide with the bottom immediately below the transducer 
if the bottom is horizontal or if the highest point on the bottom is 
immediately below the transducer. Under any other condition the echo 
sounder indicates less than the true depth. Where the bottom is very 
uneven or rocky, a multiplicity of echoes are returned and recorded. 
These considerations necessitate careful evaluation of the data and 
its correction for slope. 

Since the echo sounder actually measures the time interval between 
transmission of a pulse and receipt of an echo, the timing mechanism 
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is the heart of the indicating and recording equipment. However, 
many types of echo sounders have poor timing mechanisms which depend 
upon mechanical governors, poorly regulated AC power supplies, and 
friction drives. Recently, a Precision Depth Recorder (PDR) having an 
instrument accuracy of better than one fathom in 3,000 has been de- 
veloped.* The equipment is used with standard deep-sea sounding equip- 
ment. This PDR will perform the timing function with an accuracy bet- 
ter than one part in a million. 

After obtaining a record of the time between the outgoing and re- 
ceived pulses the data must be converted to depth, employing velocity 
corrections and slope corrections. True sound velocity is obtained by 


A SURFACE 





AN > 
SEA BoTTOM-” 


Fig. 1 — Slope correction of echo soundings. 


reference to tables, or by computation based on simultaneous sea water 
temperature and salinity measurements. The distance traveled by the 
echo, obtained from the velocity-corrected data, is converted to depth 
by the slope correction. 

The PDR sends out a ping and records an echo once each second. If 
the sounding vessel is under way at 10 knots, the individual soundings 
are about 17 feet apart. When the outgoing ping exactly coincides with 
the returning echo, a gating circuit reduces the frequency of soundings 
to once in 2 seconds corresponding to a spacing of about 34 feet at 10 
knots. 

Fig. 1 illustrates the problem of slope correction on an ideal slope, 
where the ship is steaming at right angles to the slope. At sounding 
position A, the echo is returned from B, the nearest point on the bottom. 
On the uncorrected profile, this would be interpreted as a vertical sound- 
ing AC. To obtain the true vertical depth at A, an amount CD must 
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be added to the depth read from the echo trace. This is done graphically 
by swinging ares representing the echo distances, using the distance 
between soundings as the are center spacings. The envelope of a suc- 
cession of such ares is the best approximation to the actual bottom con- 
figuration that can be made. This method, of course, requires that the 
sounding track be run approximately at right angles to the slope, and 
thus, that the trend of the topography be determined. In addition, when 
the relief becomes more complicated, constructing and interpreting the 
envelope becomes much more difficult. Although all hills are shown on 
echograms, small valleys are often completely missed because their width 
is much less than the breadth of the cone of sound. This problem is partly 
eliminated by the use of a PDR, where second echoes indicate the exist- 
ence of valleys not recognized on standard echo sounders. 

Fig. 2 (a) shows the trace made by a PDR in passing over a rugged 
slope in mid-Atlantic. The multiple echo on the left hand side of the 
figure illustrates how echoes from the wide sound cone are returned 
from different parts of a steep slope. Similarly, the multiple echoes in 
the center show a deep valley with energy from the same pulse reflected 
from the steep slopes as well as the bottom. Fig. 2 (b) shows a corrected 
profile constructed from the echogram illustrated in Fig. 2 (a), and Fig. 
2 (c) is a profile of the same track with 40:1 vertical exaggeration, which 
is typically used in describing bottom topography. 

To construct a profile and interpret each sounding taken would re- 
quire a, prohibitive amount of work. Thus, in preparing contours and | 
uncorrected profiles for ordinary mapping purposes, a sufficient number 
of the initial echoes are taken to allow a reasonably accurate profile to 
be constructed. Where 1:1 corrected profiles are required, all the echoes 
are used and the best possible envelope representing the bottom is 
constructed. . 


2.3 CHARACTERISTICS OF AVAILABLE INFORMATION 
2.3.1 Sources of Data 


The vast majority of data for a study of submarine topography are 
obtained as a series of “soundings,” or depths below sea level.* Prior 
to the development of echo sounding apparatus, soundings were made 
by measuring the length of either a weighted piano wire or hemp line 
which was lowered to the bottom. This method of line or wire sounding 


* Features to be studied by detailed soundings can often be located by measure-_ . 
ments of the earth’s magnetic and gravitational fields and by acoustic methods. 
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Fig. 2— (a) Precision- 
Depth-Recorder record of a 
peak in the Mid-Atlantic 
Ridge. Record shows multi- 
ple 400-fathom scales. On 
original record 400-fathom 
range is represented by 18 
inches and one hour or about 
10 miles by 24 inches. Light 
horizontal lines are at 20- 
fathom intervals. (b) Same 
profile with no vertical exag- 
geration, with corrections 
for slope. (c) Profile at 40:1 
exaggeration plotted from 
first echoes shown in (a). 
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was fraught with error because there was no adequate sensing device 
to indicate when the bottom was reached, and because the sounding 
line might be swept far from a true vertical by the action of currents 
between the surface and the bottom. These difficulties could cause 
errors as great as 50 per cent. Echo sounding was thus a tremendous 
improvement despite its own inherent inaccuracies. 

Ocean bottom soundings are available from a number of sources 
including, in this country, government agencies such as the Navy’s 
Hydrographic Office and the U. 8. Coast and Geodetic Survey, and 
private oceanographic institutions. Abroad, national hydrographic 
offices, such as the British Admiralty’s Hydrographic Department, the 
Japanese Hydrographic Office, and the International Hydrographic 
Bureau, collect and publish soundings. 

Depending upon the organization which compiles the soundings, 
various corrections are applied to the raw data, each organization 
selecting both the corrections it wishes to apply and the method of 
application. If all soundings for an area off the continental shelf of the 
United States were compiled, there might be available soundings in 
feet, corrected for velocity, supplied by the U. 8. Coast and Geodetic 
Survey; uncorrected soundings in fathoms supplied by the U. 8. Navy 
Hydrographic Office; similar soundings supplied by Lamont Geological 
Observatory; corrected soundings in fathoms supplied by the British 
Admiralty; and corrected soundings in meters supplied by the Inter- 
national Hydrographic Bureau. In addition, there would be a quantity 
of hemp, wire and discrete echo soundings on published charts. One 
difficulty in using the soundings printed on the published charts arises 
from the fact that hemp line, wire, and echo soundings of all types, 
both corrected and uncorrected, are all plotted on the same chart usually 
without designation as to method or corrections. 

Table II summarizes the methods of presenting sounding data used 
by various agencies. 

Several methods of recording continuous depth records are used. 
The most common, and least satisfactory, is to read the echo sounder 
and plot the sounding at the appropriate point on the chart at discrete 
intervals, say every 10 or 20 minutes. This achieves an orderliness in 
printing but has the disadvantage that canyons, mountains, or other 
features which cannot be adequately represented by such spacing are 
ignored and obscured in the plotted soundings. Better results are ob- 
tained by use of the ‘texture method,” where soundings are recorded 
at each crest, valley, or change of slope, and soundings at uniform time 
intervals are only used in areas where a continuous slope extends for 
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TABLE IJ — MetHops OF PRESENTING SOUNDING DATA 








Source Depth Units Sounding Velocity |Velocity Correction | Slope Correction 





Coast and Geodetic 
Survey, U. ; 
Dept. of Com- 
merce............ Fathoms | 820 or 800 fm/sec| Note A Note B 

Hydrographic Of- 
fice, U.S. Navy...] Fathoms | 800 fm/sec No No 

Lamont Geological 
Observatory...... Fathoms | 800 fm/sec No — Note E | No — Note E 

British Admiralty 
Hydrographic 
DDO bed sale gaa one Fathoms | 820 fm/sec Yes — Note C| No 

International Hy- 
drographic Bu- 

















TOAW oie hes ea eae Meters | Note D Yes Note D 
Japanese Hydro- 
graphic Office....}| Meters | 1500 meters/sec | ? ? 








1. All agencies use Mercator projection charts. 

2. All deep sea soundings on 4” = 1° longitude charts; various larger scales 
used near shore. 

A. USC & GS usually makes velocity correction according to data taken at 
time of sounding. 

B. USC _& GS makes slope and drift corrections where deemed necessary. 

C. Admiralty data velocity corrections are made according to D. J. Matthews. 

D. International Hydrographic Bureau takes no data of its own, but publishes 
data received from various surveyors. 

I. Although corrections are made in surveys of specific areas, soundings are 
first compiled in uncorrected form. 


many miles. This produces an uneven spacing of numbers on the chart, 
and in some areas the soundings have to be crowded together to show 
all crests and valleys. In this method the sounding is written alongside a 
dot which represents the location of the sounding. Another method is 
to write the sounding without a dot but centered over the place where 
the sounding was taken. This produces a more pleasing drawing but 
all detail must be left out in complicated areas since the physical size of 
the letters limits the number of soundings that can be so recorded on 
the chart. 


2.3.2 Methods of Evaluation 


Evaluation of topographic data starts with a comparison of data 
from all the different sources, with all the soundings plotted to the 
same scale on one set of charts. Soundings from different sources must 
be reduced to a common base. 

When the soundings from all sources are compiled on the same sheet, 
many obvious discrepancies will be noted. A great number of these 
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cases can be traced to either gross mistakes in plotting or poor accuracy 
in navigation which may cause errors in position of up to 25 miles. 
Usually these gross errors are fairly easy to spot. For example, a large 
shoal area was shown for many years in deep water east of Georgia, but 
it now appears that this particular shoal resulted from the misplotting, 
by one-half degree of longitude, of a series of continental shelf soundings. 

Lines of soundings from different sources should indicate the same 
depth at their intersections, providing a check on the reliability of 
both or an indication that one or both is suspect. Where there is lack 
of agreement the sounding and navigational methods should be checked 
in an effort to find a basis for choosing one set of soundings rather than 
the other. However, without special knowledge about the individual 
sounding lines, it is often impossible to decide which line is correct. 
Uncertainties of 2 to 25 miles in position combined with possible errors 
in depth determination of 10 per cent and possible gross errors in plotting 
are indicative of the difficulties that may be encountered. 

The extent of the coverage of the Atlantic Ocean with precision sound- 
ing tracks is shown on Fig. 3. Sounding tracks taken by the Lamont 
staff prior to the availability of the PDR are shown on Fig. 4. 


2.3.3 Methods of Presentation 


Relief is usually indicated on maps and charts by any one of a number 
of devices, including contour lines, profile views, and physiographic 
sketches. In contouring, after surveying a number of control points and 
obtaining their exact elevations, the land surveyor sketches in the con- 
tour lines between control points while standing on a vantage point such 
that he can actually see the terrain. In contrast, the oceanographer must 
sketch contour lines by applying his own interpretation of the submarine 
processes responsible for the relief in the areas between soundings. The 
accuracy of contour is, of course, determined by both the number, spac- 
ing, and accuracy of the soundings, and the skill and knowledge of the 
oceanographer. 

The International Hydrographic Bureau in Monaco publishes a 
colored contour chart for the entire world on a scale of 1:10 million, 
individual sheets of which are revised and republished at 10-25 year 
intervals. 

Profiles, or elevation views along particular tracks, provide a detailed 
outline of the bottom. The usual practice is to construct exaggerated 
profiles (40:1 or greater vertical to horizontal scale ratio), such as 
those illustrated in Figs. 2(c) and 5. Where accuracy of the highest order 
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Fig. 4 — Tracks of research vessels employing fairly good but nonprecision depth recorders. Tracks mainly of R. V. Aélantis, 1946-1952. 
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Fig. 5 — Transatlantic topographic profile, Massachusetts to Gibraltar. 
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is required, 1:1 profiles as illustrated in Fig. 2(b) are prepared by careful 
interpretation of precision depth records and their correction for actual 
_ sound velocity and slope. 

The physiographic diagram (in envelope inside rear cover) . was 
prepared by combining evaluated and corrected depth measurements 
‘with all other ocean bottom and geological information. The construc- 
tion of these diagrams is preceded by the.preparation of 40:1 exaggerated 
profiles along all available sounding tracks through the region under 
consideration. After study and evaluation of the profiles, areas of dif- 
ferent texture are defined, and the various physiographic provinces 
are outlined. The relief shown on the profiles is then drawn in perspective 
view along the appropriate track of the chart. After all available tracks 
have been drawn, the remaining blank areas are sketched in, basing 
the interpretation on geological information. 

Fig. 6 shows the physiographic provinces of the North Atlantic and 
the existing submarine cables on a great circle chart. A plot such as 
this is useful in preliminary studies of new routes. More detailed charts 
to a scale of 1:1 million showing contours, actual sounding tracks, 
existing cable routes and cable fault records can be prepared for specific 
engineering of new cable routes. 


2.4 North Atlantic Topography 


The relief of the continents naturally divides itself into mountain 
ranges, plateaus, and plains — physiographic provinces which can be 
recognized by distinct differences in topography, form and texture. 
Geologists recognize these differences as directly related to underlying 
geological structures. The topography of the ocean floor can also be 
divided into physiographic provinces similar to those familiar on land. 
In general, the relief of the deep sea topography is greater than on land 
due to the fact that the smoothing effects of erosion are less under the 
deep sea. Fig. 7 shows the relief along a continuous line extending 
from Peru across South America and thence across the South Atlantic. 

The three major divisions of the Atlantic Ocean — Continental 
Margins, Ocean Basins, and Mid-Atlantic Ridge — each occupy about 
one third of the ocean floor. Since detailed topographic information is 
available for so little of the area covered by the oceans, the following 
descriptions of the relief must of necessity be general. Where specific 
details are available, they are presented as examples. The area to be 
described, the North Atlantic, is well outlined on the Physiographic 
Diagram. Frequent reference to this illustration should help to make 
the word descriptions more meaningful. 
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Fig. 6 — Great-circle chart showing physiographic provinces and existing submarine 
cable routes (dotted lines). (On this chart any straight line represents a great circle.) 
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2.4.1 Continental Margins 


The first area considered is the continental shelf which may be char- 
acterized as the shallow (0-100 fathoms) submarine terrace bordering 
the continents, extending seaward hundreds of miles in some localities. 
The shelf terminates where the bottom gradient increases suddenly 
from the shelf average of approximately 0.1° to the continental slope 
average of more than 4°. This change occurs in depths ranging from 
20 to more than 100 fathoms. The shelf is a continuation of the coastal 
plain and displays the same numerous small irregularities as the plain. 
For example, off the United States east coast — from Cape Cod south 
— the shelf is relatively flat, but with many small (10-fathom) hills and 
ridges. This shelf varies in width from about 150 miles off Cape Cod to 
its virtual disappearance off the east coast of Florida. This region of 
smooth shelf terminates in depths of about 60 fathoms between Cape 
Cod and Cape Hatteras, but in only 20-30 fathoms south of Hatteras. 
It is crossed by at least three submerged valleys, off the Hudson River 
and Delaware and Chesapeake Bays. 

North of Cape Cod the shelf presents a somewhat different pattern 
with many basins and troughs pitting the shelf whose width increases 
to 240 miles off Newfoundland. Characteristic of this region are the 
extensive off-shore shoals (the ‘‘Banks”’), with depths of about 30 
fathoms, which are found to seaward of areas with depths up to 100 
fathoms. . 

Outside the continental shelf the bottom drops comparatively rapidly 
down the continental slope. The top of the continental slope usually 
lies near the 100-fathom contour but the base lies in depths varying 
from 700-2,000 fathoms, depending on the area. The typical slope has 
a gradient of approximately 1:13 (about 44°). The base is marked by a 
sharp change in the seaward gradient, from values greater than 1:50 
(1°) to values less than 1:200 (4°). The continental slope is dissected 
by numerous submarine canyons, comparable in dimensions to the 
canyons of mountain slopes. In some cases these canyons connect with 
shelf channels but generally just slightly indent the shelf edge. Some of 
the canyons continue across the continental rise (at the foot of the slope), 
but most of them apparently flatten out and disappear in the rise. 

The continental rise located at the foot of the continental slope is a 
gently sloping apron with gradients varying from about 1:200 (0°17’) 
to nearly 1:1,000 (0°33’). Minor relief features are rare although there 
are submarine canyons and occasional protruding seamounts. The sub- 
marine canyons having steep, V-shaped walls which may approach the 


1064. THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957 


vertical generally resemble land canyons cut in the sides of mountain 
ranges. These canyons, some with tributaries, usually follow gently curv- 
ing to straight courses down the slope from their origins on the shelf and 
gradually disappear on the ocean floor. Most exhibit sediment filling 
on their floors, and many have rocky walls. In some areas the base of 
the continental rise is marked by a range of hills 100 fathoms or less in 
height and one mile wide or less at the base. 


2.4.2 Ocean Basins 


The continental rise gives way to the abyssal plains which occupy a 
sizable proportion of the ocean basins. The smooth, nearly flat topog- 
raphy of the abyssal plains was apparently produced by deposition of 
sands and silts which were carried by turbidity currents from the 
continental margins via the submarine canyons. 

Sea mounts which rise from the abyssal plain have an appearance of 
being partially buried. The small sea mounts and hills which protrude 
from the abyssal plain increase in number toward the seaward limit of 
the plain. The seaward extremity of the abyssal plains frequently occurs 
where the small hills become so numerous that they occupy the entire 
area. The margin of the abyssal plain along certain positive features 
such as the east or west margin of the Bermuda Rise is marked by a 
sharp rise of the sea floor where the depositional floor has built up 
against the topographic rise. The larger sea mounts that occur scattered 
through the abyssal plain also show the same partially buried appearance. 

Besides the two lines of large sea mounts which parallel the Mid- 
Atlantic Ridge on the east and west, there is another major trend of 
sea mounts, the Kelvin Group, running southeast from New England. 

The eastern and western basins of the Atlantic are quite similar but 
there are several significant differences. The European continental 
slopes are in general higher, steeper, and more rugged and irregular 
than those off the North American coast. The continental rise is often 
absent or poorly developed; in some areas the continental slope descends 
almost directly to the abyssal plain. In the area north of the Azores the 
abyssal plains are less well developed than on the west side of the ridge. 
Rockall, Bill Bailey’s, and Lousy Banks, rocky spines running south 
from the Iceland-Faeroe Ridge, represent features which have no 
direct analogies in the western basin. In the area between the Azores 
and Gibraltar numerous sea mounts of large size are encountered more 
frequently than in the western basin. The northwest margin of Africa 
bears the closest similarity to the northeast coast of the United States, 
with an extensive abyssal plain and a well-developed continental rise. 
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A mid-ocean canyon three miles wide with precipitous walls which 
drop fifty fathoms to the canyon floor runs down the length of the 
Labrador and Newfoundland Basins as shown on Fig. 8. Profiles across 
this canyon are shown in Fig. 9. Other mid-ocean canyons have recently 
been discovered in the equatorial Atlantic as well as in the basin south 
of Nova Scotia. Studies of sediments obtained in these canyons suggest 
that they were cut by turbidity currents. 


2.4.3 Mid-Atlantic Ridge 


The principal topographic feature of the Atlantic is the Mid-Atlantic 
Ridge which runs the entire length of the Atlantic and continues into 
the Indian and Arctic Oceans. The ridge is about 1,200 miles wide and 
can be thought of as a broad swell or arch with varied and generally 
extremely irregular topography. Along the axis of the ridge is a narrow 
crest about 60 miles wide with a characteristic median depression which 
cleaves the crest zone. Depths in the median depression exceed the 
maximum depths of the adjacent flanks of the ridge out to 100 miles 
or more. In some cases they reach depths equal to those of the abyssal 
plains. The tops of the highest peaks of the ridge, excluding those which 
emerge as islands, lie at about 800 fathoms while the median rift falls to 
depths of about 2,000 fathoms and locally to depths as great as 2,800 
fathoms. 

Near the outer margins of the ridge there is a discontinuous line of 
sea mounts which rise as isolated peaks. The major part of the ridge 
lies at depths intermediate between the abyssal plains and the central 
highlands, with extensive areas of flat intermountain basins, particularly 
in the area just south of the Azores. The earthquake epicenter belt 
accurately follows the median rift throughout the length of the ridge. 

Other areas of the Atlantic which have topography similar to the 
Mid-Atlantic Ridge include an oval area trending northeast-southwest 
from Bermuda with a long axis of about 800 miles and a short axis of 
about 500 miles. The area is characterized, in part, by low irregular 
relief, but with a number of large sea mounts. 


III. NATURE OF THE SEA BOTTOM 


3.1 Methods of Investigation 


There are four principal methods of investigating the nature of the 
bottom: 

(a) Visual inspections and photographs. 

(b) Physical sampling. 
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Fig. 8 — Mid-ocean canyon of the Northwest Atlantic. 
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Fig. 9 — Profiles across the mid-ocean canyon. 
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Fig. 10 — Location of cores, rock dredges, and bottom-photograph sites of Columbia Uni- 
versity expeditions in the North Atlantic, 1946-1956. 
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(c) Sound investigations. 

(d) Investigations of magnetic and gravity fields, and heat flow. 

Visual inspections have been performed by divers in depths up to 
only about two hundred feet. Vessels such as the bathyscaphe must be 
employed for greater depths but their design precludes any extensive 
observation of the sea floor. 

Bottom photographs in shallow waters are fairly numerous but those 
taken in depths greater than 1,000 fathoms are still rare. Good photo- 
graphs usually show an area approximately 5 ft by 8 ft and are focussed 
well enough to make objects and organisms 4 inch in diameter clearly 
-identifiable. A compass and a current indicator are often lowered with 
the camera and included in the photograph. These provide indications 
of current velocity and direction and a means of orienting the bottom 
features. Locations of almost all deep water photograph stations in the 
Atlantic are shown on Jig. 10, and a typical deep sea camera rig is de- 
picted in Fig. 11. 
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Fig. 11 — Diagram of multiple-shot underwater camera taking a bottom picture. 
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Television is being used in shallow waters by various organizations. 
However, picture resolution is poorer than that obtained photographi- 
cally, and nothing has been done in depths greater than 110 fathoms. 

Physical sampling is accomplished by corers, grab samplers, and rock 
dredgers. Earliest samples were obtained by ‘‘arming” a sounding lead 
with tallow, to which some of the bottom sediment would adhere. Coring 
is the most important source of bottom composition data. Specimens up 
to 70 feet in length are obtained by dropping a weighted tube vertically 
into the bottom sediments. About 1,200 sediment cores have been ob- 
tained in the Atlantic. The locations of most of these stations are shown 
in Fig. 10. Rock dredging has produced much evidence on the nature of 
the continental slope, the Mid-Atlantic Ridge, and on the various sea- 
mounts. Lamont’s rock dredge stations are shown in Fig. 10. Not shown 
are a large number taken by French workers off the Bay of Biscay and 
off Georges Banks. 

Sounding data can provide a wealth of detail in addition to the depth 
if an experienced operator evaluates the fathogram. The least skilled 
operator can differentiate between rough and smooth bottoms, while the 
most experienced can interpret a fathogram in terms of bottom smooth- 
ness, sediment thickness, and the location of interfaces in the sediment. 


3.2 Present Knowledge 
3.2.1 General Characteristics 


Navigation charts sometimes include a short notation alongside a 
sounding, indicating the type of bottom, ranging from common terms 
such as sand, mud, or ooze, through the less familiar foraminifera or 
globigerina ooze (shells of microscopic marine life). These notations are 
most abundant in shallow coastal waters where they provide informa- 
tion for piloting and anchorages. In the less frequented depths, bottom 
notations on navigation charts are very rare—charts of bottom sediments 
commonly published are based on sparse and incomplete data and, as a 
result, are generalized. 

Deep sea sediments have been divided into two main classes, terrig- 
enous and pelagic. Terrigenous sediments are those derived from the 
erosion of the land and are found adjacent to the land masses, while the 
pelagic deposits are found in the deep sea and are distinguished as either 
organic ooze or inorganic clay. The organic oozes are composed princi- 
pally of fossil remains of planktonic animals. Distribution of types of 
sediment is by no means static. Such factors as deposition by turbidity 
currents, land slides or slumps, bottom scour by ocean currents, and 
climatic changes continually cause changes. 
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3.2.2 Sediment Densities 


Quite accurate density determination can be made by laboratory 
analysis of sediment from core tubes. Densities of 1.35 to 1.55 gm/ce 
are characteristic of the gray and red clays which cover most of the 
deeper parts of the ocean. The globigerina oozes which are abundant 
on the Mid-Atlantic ridge have densities from 1.60 to 1.75 gm/cc. Sand 
layers which may occur in abyssal plains at or near the sediment surface 
range in density from 1.65 to 2.00 gm/cce. 

An increase in density as a function of depth in the core would be 
expected. However, after an initial increase in the first 1 or 2 meters the 
density usually fails to show further regular increase in cores up to 10 
meters in length, and deep in the core the density often falls to within 
0.1 gm/cce of the initial value. 

The sediment averages about 300 fathoms in thickness over the deep 
ocean floor, except for the bare rock surfaces on the steeper parts of the 
continental slopes and submarine peaks where sediment is thin or absent. 
Thicknesses exceeding 100 fathoms may be reached on the continental 
rises. 





Fig. 12 — Continental-shelf photographs taken off Cape Cod. Each pho- 
tograph shows an area of approximately 2.4 ft by 3.3 ft. Dials are compas- 
ses. Tassel beneath dial indicates current. Note small ripple marks in left 
photograph. Depths: 64 and 54 fathoms, respectively. 
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Fig. 13 — Continental-slope photograph taken at 550-fathom depth at 44°43/N, 
54°30’/W. Area shown in each photograph in Figs. 138-16 is about 40 square feet. 


3.2.3 The Bottom in the North Atlantic 


The continental shelf at depths less than about 70 fathoms was dry 
land for a considerable period prior to 11,000 years ago. Thus, the sedi- 
ments of the continental shelf resembled the sediments of the coastal 
plain from Cape Hatteras to Cape Cod. A deposit of sand continues 
along the shelf edge and is generally thought to be an old beach. Land- 
ward of this is a series of irregularities generally considered to be old 
dunes and beaches. Photographs of the continental shelf are shown in 
Fig. 12. 

Hardened sandstones and limestone have been recovered from the 
walls of submarine canyons off Georges, Browns and Banquero Banks. 
A rock outcrop has been photographed at a depth of 500 fathoms in a 
small gully south of Block Island. In other areas the continental slope 
is covered with low-density gray clay in which the coring rig completely 
buries itself. Gravel and sand form the floors of some continental slope 
canyons while others are deeply covered with low density mud. In many 
areas ancient, partly consolidated clay crops out on canyon walls. 

The Western Union Company, when plowing in their continental- 
slope cables, had widely different experience along closely parallel 
cables.®° Presumably the differences in the depth to which the plow would 
penetrate were due to differences between ancient and recent compaction 
of sediments. Although rock was probably not. encountered on these 
runs, it is known from dredging experience that rock can be expected. 

A photograph (Fig. 13) of the bottom at 550 fathoms depth south of 
the Grand Banks reveals huge ripple marks. It is not difficult to imagine 
that cable chafe would be appreciable in such an area. . 

Beneath the nearly flat abyssal plains alternate layers of sand, silt, 
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and red clay make up the approximately 300 fathoms of sediment. A 
photograph (Fig. 14) shows the bottom at a depth of 3,000 fathoms in 
the ‘abyssal hills. This remarkable shot shows ball-shaped objects that 
have been identified as manganese nodules. The most interesting feature 
of this photo is the scour marks around the objects, implying an ap- 
preciable current at a depth of 3,000 fathoms. 

Seamounts present extremely varied conditions. Rocks, from crystal- 
line basalt through hardened limestone to soft marl, are encountered. 
Sediments, including sticky ancient formations, deep sea oozes, and shell 
sand are found. Photographs show all types from tranquil mud bottom 
through wave-rippled silt and sand to craggy rock. Some of these types 
are illustrated in Fig. 15. 

The flanks of the Mid-Atlantic Ridge are areas of irregular topog- 
raphy. The steeper slopes are probably bare rock and the sediment 
removed from these slopes probably is deposited in the intermountain 
basins. Cores are usually of globigerina ooze, but the different rates of 
sedimentation on steep slopes and on basin floors cause changes in thick- 
ness of sediment and relatively great changes in physical properties over 
short distances. The deeper flanks of the ridge are covered by red clay. 
A very similar bottom is found on the Bermuda Rise. 





Fig. 14 — Abyssal—hills photograph taken at 3,190-fathom depth at 29°17’N, 
57°22/W. 
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Fig. 15 — Seamount photographs taken near summit of seamount on Bermuda 
Rise at 34°38’N, 56°53’W at depth of 1,370 fathoms. The two photos were taken 
about 100 feet apart, indicating the rapid alternation of ooze and rock bottom over 
short distances. 


The crest of the Mid-Atlantic Ridge is similar, as a bottom type, to 
the seamounts previously described. Dredge hauls have brought up 
mostly basalt, although a few fragments of limestone have also been 
retrieved. The photographs shown in Tig. 16 were taken about 60 feet 
apart on the Mid-Atlantic Ridge. They illustrate a change from smooth 
to rocky conditions in this short distance. 





Fig. 16 — Mid-Atlantic Ridge photographs (1,500-fathom depth at 48°30’N, 
28°48’/W). The two pictures were taken about 60 feet apart. Out of 60 photographs 
taken at similar intervals in this location three were similar to that on the left and 
the remainder resembled that on the right. The dark band in the right-hand pic- 
ture is probably composed of gravel and sand of the dark-colored rock of the peaks, 
while the white underlying layer is clay or ooze. The dark band was produced by 
a current which swept the dark material over the light-colored material. 
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IV. TEMPERATURES* 
4.1 General 


The temperature of a given point on the deep sea floor is determined 
by the system of ocean circulation. Study of deep sea circulation is still 
in an early stage and theories which would permit prediction of changes 
are still in a rudimentary form. In addition, observations of actual bot- 
tom temperature are few. Thus, a study of the temperature environment 
of submarine cables must proceed by evaluating those data that exist 
and striving for increased understanding of the underlying circulation 
processes. 

The new electronic thermometer under development at the Lamont 
Geological Observatory determines temperature with an accuracy of 
0.01°C by the frequency of an oscillator employing thermistors in an 
RC network. The oscillator is lowered on the end of a cable and its fre- 
quency is monitored by equipment installed aboard ship. 

Bottom-temperature changes might be predicted if the rate and direc- 
tion of circulation of the sea water could be determined. This is being 
studied by sonar tracking of a submerged blimp designed so that it has 
negative buoyancy at the surface but is neutrally buoyant at the level 
where the measurement is desired. This method has been used down to 
depths of 3,000 meters. Results have indicated much higher velocities 
than hitherto suspected. Near the base of the continental slope off the 
eastern United States near-bottom currents of 4+ knot have recently 
been observed by this method. 

Another method depends on the measurement of the time elapsed 
since a given water mass was at the surface by radiocarbon dating of 
sea-water samples. At the surface, water is in free exchange with the 
atmosphere and acquires a radiocarbon concentration in equilibrium 
with that of the atmosphere. As the water sinks from the surface to enter 
the deep sea circulation system, it is cut off from the supply of fresh 
radiocarbon, and radioactive decay reduces the content of Carbon 14 
at a rate given by its half life. Thus, the measurement of the radiocarbon 
content of a given sea water sample ideally will give the time at which 
this sample left the surface of the ocean. 


* In this section dealing with temperature, depths are given in meters rather 
than in fathoms. Temperature has largely been of interest in physical oceanog- 
raphy where volume is of concern. This has led to the use of meters. Since a nauti- 
cal mile is approximately 1,000 fathoms, the fathom has been widely used in topo- 
graphic work. One fathom equals approximately two meters. 
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4.2 Characteristics of Available Information 
4.2.1 Sources of Data 


Observations of temperature in the deep sea were first made in the 
mid-nineteenth century. The early observations were made with crude 
instruments and are now of purely historical value. The Challenger 
expedition of 1872-1876 made several hundred observations but with 
maximum-minimum thermometers unprotected from pressure. In the 
late nineteenth century the Richter reversing thermometer was invented 
and by the turn of the century they were used by nearly all scientific 
expeditions. Cable ships have taken many observations but almost al- 
ways with maximum-minimum thermometers. 

Major expeditions have published volumes which included tabulated 
lists of temperature, salinity, oxygen, etc., for each station occupied, 
while the shorter expeditions and those institutions which continually 
collect oceanographic data in the North Atlantic publish their observa- 
tions in the ‘Bulletin Hydrographique,” a journal published by the 
International Commission for the Exploration of the Sea, Copenhagen. 
In addition, unpublished data are available from the files of oceano- 
graphic institutions. 

Expedition reports give estimates of the reliability and accuracy of 
their data and usually describe the calibration tests used to determine 
the accuracy. The “Bulletin Hydrographique” merely publishes the data 
without comment. The scarcity of data and the tendency to systematic 
errors in single sets of data coupled with the temperature changes now 
being demonstrated for deep ocean water masses tend to frustrate efforts 
to evaluate the accuracy of data. 


4,2.2 Methods of Evaluation 


Evaluation of temperature data involves comparison of nearby obser- 
vations, verification of the original data sheet, and checking for errors 
in computation. The calibration of the thermometers is ordinarily done 
with great care, and observations are generally accurate to +.05°C. 
When the thermometer fails to function properly, the temperature is 
usually so far off that the observation is not reported. The main error 
comes in the determination of depth of observations. The length of wire 
paid out to reach a stated depth varies with the magnitude of winds and 
currents in the area. On early expeditions this led to large errors in 
observation. The use of two thermometers, one in a pressure case and 
one unprotected from pressure, allows the calculation of depth of obser- 
vations with relatively great accuracy. . 
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One method of understanding temperature changes is to consider the 
movement of the water masses. These movements depend on density 
gradients which are directly dependent on the salinity and temperature. 
This type of study is applicable in shallow water where circulation of the 
surface layers is brisk. For the deep sea, however, dynamic calculations 
are ambiguous; different investigators using the same data not only 
arrive at different values for velocity but often arrive at opposite direc- 
tions of flow. Thus, continuity considerations and the conservation of 
volume are the primary factors in studies of the deep-water circulation. 
It is important when evaluating temperature data and studying tem- 
perature change and rate of bottom water circulation to study the entire 
process and not be limited to temperature observations, even though 
the temperature is the desired final answer. 


4.3 Temperature in the North Atlantic 
4.3.1 General 


Ocean-bottom temperatures in shallow water (less than 200 meters 
deep) are affected by seasonal air temperatures and movements of local 
masses of water. Thus, each specific area exhibits its own pattern of 
temperature changes. Data are fairly abundant in shallow water areas, 
so that despite the large and often erratic changes, it is generally pos- 
sible to determine roughly the bottom-temperature cycle from existing 
data. However, the local nature of the phenomena makes it desirable to’ 
concentrate any detailed studies on areas of immediate interest rather 
than to attempt broad generalizations. 

In deep water (depth greater than 200 meters) bottom temperatures 
and their variations result from large-scale, oceanwide topographical and 
circulation phenomena. At the same time, the paucity of data makes 
an analysis of any particular locale quite difficult. Thus, a general study 
of deep-water bottom temperatures in the North Atlantic presents the 
best hope of obtaining at least some useful data. 


4.3.2 Shallow Water (Depth less than 200 Meters) 


In many shallow-water areas near shore (depth less than 50 meters) 
there are predictable seasonal changes in temperature of the order of 
10°C. In harbors and bays where interchange with open ocean water is 
restricted the seasonal temperature curve will approximate the seasonal 
air-temperature curves except that the amplitude of the sea bottom 
temperature changes will be smaller and the peaks and troughs will be 
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slightly retarded. In the open water of the continental shelf there is often 
a strong stratification of water masses and the vernal cycle is either 
strongly retarded (by several months) or completely obscured. 

On the open shelf the bottom-temperature cycle is controlled by 
shifting currents and wedges of water which flow in along the bottom 
from the open ocean. In some areas these changes go through essentially 
the same cycle each year. The Irish Sea and the continental shelf west 
of Scotland are areas where the cycle is so regular that one can safely 
predict the bottom temperature for a given month within an accuracy 
of -+:1.5-2°C. On the other hand, the bottom temperature on the 
Grand Banks changes radically from day to day and week to week. It 
is possible to show that on the Grand Banks summer temperatures are 
on an average 2° colder than winter bottom temperatures. The day-to- 
day temperature changes can amount to 5°C or more. 

In one particularly well-studied area off Halifax, Nova Scotia, an in- 
teresting complication has been discovered. In this 10,000-square mile 
area the bottom temperatures had been studied for about twenty-five 
years, observations having been taken at different times of the year. 
The bottom temperature was considered known to 1°C. It has more 
recently been found that on occasion, the 8°C water is displaced upward 
by an underflow (incursion) of 2°C water which suddenly lowers the 
bottom temperature by 6°C. However, after a few weeks the bottom 
temperature again approaches the usual value of 8°C. Such incursions 
of contrasting water (both cold and warm) from the open ocean are as 
yet only partially understood. 

The maximum amplitude of temperature changes in bays and near 
shore areas of both seasonal and erratic nature often approaches 20°C. 
On the outer shelves 8°C would be the maximum change expected. 

It is now well established that the average temperature over wide 
areas in the North Atlantic has undergone a gradual increase for the 
past one hundred and fifty years. The average bottom temperature on 
the Nova Scotian shelf increased 2°C between the early and mid-nine- 
teen thirties and the late nineteen forties. Similar changes have been 
reported for the area near Iceland. At present, no sure way of predicting 
the future longterm changes of temperature is available. Changes of 1° 
per decade may be experienced. 


4.3.3 Deep Water (Depth more than 200 Meters) 


A search was made for all deep sea temperature measurements taken 
with accurate thermometers in depths greater than 2,000 meters, from 
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Fig. 17 — Accurate deep-water temperature measurements in depths greater than 2,000 
meters. Points marked by solid circles indicate observations within 100 meters of the bottom. 


the Equator to the Iceland-Faeroe-Greenland Ridge (which divides the 
Atlantic Ocean from the Norwegian Sea). Approximately 600 observa- 
tions (Fig. 17) were found after a search of all data up to 1950 and much 
of the data up to 1954. (The “Bulletin Hydrographique” is 5 to 6 years 
behind in publication.) Since the temperature at intermediate depths is 
of interest to the cable engineer only to the extent that he can use it to 
determine bottom temperatures, the observations in depths greater’ 
than 2,000 meters which lay within 100 meters of the bottom were 
sorted out. Only about 150 observations (Fig. 17) were found in this 
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Fig. 18 — Deep-sea temperature gradients. Mean gradient in the sediments is 
indicated by the dashed line. 


category and most of these were either between Greenland and Labrador 
or near the Equator. The number of actual bottom observations is 
limited by inability to determine when the bottom was reached and a 
reluctance on the part of observers to risk losing expensive equipment 
by having it snagged on the bottom. . 

At the present time there are insufficient data or knowledge of the 
mechanism involved to permit reliable extrapolation of bottom temper- 
atures from a series of mid-depth observations. Fig. 18 illustrates the 
problem. Here are six different near-bottom gradients observed in dif- 
ferent parts of the Atlantic. Assuming these gradients terminated 500 
meters above the bottom (as do many of the observed data), it is ap- 
parent that extrapolating such data to the bottom is not feasible. Meas- 
urements of gradients to the bottom at stations for which near-bottom 
data exist, coupled with a knowledge of the processes causing the gra- 
dient, may make it possible in the future to make use of many of the 
old mid-depth observations in studying bottom temperature. 

From the compilation of available data, the three profiles (Figs. 20- 
22) whose locations are shown in Fig. 19 were prepared. More recent 
studies indicating that deep water temperatures may vary a few tenths 
of a degree Centigrade with time make it probable that some of the 
ripples in the isotherms are not real but instead reflect the fact that the 
data were taken at widely different times. The data for Profile 1 were 
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taken in the same year and do not show these effects. The large fluc- 
tuation on Profile 3 is probably due to variations with time. 

At a certain depth, often about 1,200 meters, a sharp change in tem- 
perature takes place. An interface known as the main thermocline 
separates the warm surface waters from the cold (2°-4°C) deep water. 
This boundary shifts slightly from time to time and is affected by sub- 
surface (internal) tidal waves. Thus, cable laid near the main thermo- 
cline may undergo temperature changes of a few degrees. These changes 
may be of different periods depending on their causes, e.g., subsurface 
waves, seasonal changes, or long term changes in ocean regime. It is not 
known if a long-term change in depth of the thermocline has occurred 
but such change seems probable. 

The greatest percentage of any transatlantic cable route lies in depths 
greater than 2,000 meters and thus the temperature changes in the 
deep sea are of primary importance to the engineering of a cable. The 
temperatures are low, averaging 3°C, and the temperature changes are 





Fig. 19 — Positions of Temperature Profiles 1, 2, and 3. 
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Fig. 20 — Profile 1, Northeast Brazil to Dakar, Africa. Isotherms in degrees Centigrade. Data from 1928. 
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Fig. 21 — Profile 2, Clarenville, Newfoundland, to Oban, Scotland. Isotherms in degrees Centigrade. Data from several years. 
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Fig. 22 — Profile 3, Equator to Greenland west of Mid-Atlantic Ridge. Top, isotherms in degrees Centigrade; 
bottom, gradients at corresponding locations. Data from 1920 to 1955. 
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Fig. 23 — Variation of mean temperature at 1,500-meter depth in the southern 
Labrador Sea at about the point indicated in Profile 2, Fig. 21. 


probably small. At one time it was assumed that the ocean temperature 
in depths exceeding 1,000 meters remained constant. As more informa- 
tion is gathered it is becoming evident that changes in temperatures 
have occurred in deep water, but neither the mechanism nor the time 
scale of the changes is as yet completely understood. 

Due to the virtual absence of deep sea bottom temperature observa- 
tions it is not possible to determine changes in temperatures by compari- 
son of repeated measurements at approximately the same position. In a 
few limited areas repeated observations have been taken to depths of 
about 3,000 meters. All observations for one such area northeast of 
Newfoundland have been studied in search of long-term trends. It has 
been found that the water temperature between 500 and 2,000 meters 
in this area is nearly constant, both vertically and laterally over a wide 
area during any one year. It is thus meaningful to compare the tempera- 
ture at 1,500 meters depth for a series of years. Fig. 23 shows the results 
of this comparison which indicates a 0.6°C increase between 1928 and 
1949, and a 0.4°C drop from 1949 to 1954. This curve resembles the 
air- and sea-surface temperature averages for Atlantic-coast stations 
during the same years. 

In the area between Labrador and Greenland a moderate number of 
near-bottom temperature measurements have becn made since 1928. 
No systematic curve can be drawn but it seems fairly certain that bot- 
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tom-temperature changes of 1°C have occurred in this area. These tem- 
perature changes are apparently caused by cold water cascading down 
the continental slope from the shelf off Greenland. It can be presumed 
that this water will flow south along the deep ocean basin. Depending 
on its velocity it will be more or less displaced towards the western 
margin of the basin. As the water masses flow south, lateral mixing 
should reduce the temperature contrast with the surrounding water. 

In one area south of Newfoundland a study of scattered temperature 
observations made since the year 1900 indicates that water above 3,000 
meters has shown a temperature increase and that the water below 
3,000 meters has gradually decreased in temperature. The decrease at 
the bottom at a depth of 5,000 meters appears to have amounted to 
0.2°C in fifty years and the maximum increase at depths less than 3,000 
meters to about 0.5°C. In the high latitudes of the North Atlantic, tem- 
perature changes probably rarely exceed 1°C at depths greater than 
2,000 meters and changes of a few tenths of a degree are more common. 


V. CATASTROPHIC CHANGES IN THE OCEAN BOTTOM 
5.1 Harthquakes 


Earthquakes may cause damage to submarine cables by triggering 
the movements of rock and sediments (turbidity currents) and possibly 
through the effect of the actual earth vibration itself. The most serious 
threat to cables arises not from the direct effect of the earthquake’s 
energy on the cable but from its ability to generate slumps, slides, and 
turbidity currents. It can be shown that, in an area of high seismic 
activity, the slopes will be nearly bare of loose sediment so that earth-' 
quakes in such an area will not result in gravitational displacements of 
sufficient size to cause serious damage to cable. 

However, in areas such as the continental slopes of the Atlantic where 
few shocks have been recorded and where loose sediment has therefore 
accumulated, it can be expected that any quake of moderate or even 
small size will be sufficient to generate a turbidity current. Thus, quakes 
on continental slopes adjacent to cable routes are likely to be extremely 
destructive. There is no known method of predicting where earthquakes 
will occur outside the major seismic belts. 

Fig. 24 shows the distribution of earthquakes in the North Atlantic. 
The North Atlantic is the best-monitored ocean because of the extensive 
network of seismograph stations closely adjacent in North America and 
Europe. All earthquakes reported for the Atlantic Ocean. between 1910 
and 1956 have been compiled and plotted together with the best bathy- 
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metric information. The study resulted in conclusions which are of great 
geological significance, as well as of interest in cable engineering. It was 
found that the narrow earthquake belt which runs the length of the 
ocean accurately follows a median trench or rift in the central highland 
zone of the Mid-Atlantic Ridge, see Fig. 25. (The Mid-Atlantic Rift 
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Fig. 24 — Earthquake epicenters in the North Atlantic 1910-1956. Magnitudes 
according to the Richter scale. 
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seismic belt is of secondary importance when compared with the intense 
seismic belt associated with the deep trenches of the Pacific.) 

There is a second belt which extends from the Azores to the Iberian 
Peninsula, and there is a major earthquake belt which follows the West 
Indies Island Are along part of the western boundary of the Atlantic. 
In addition to these belts there are a few scattered earthquakes around 
the margin of the ocean basin. 

The locations of earthquakes in the ocean are in general poorly deter- 
mined, and an accuracy of +4° (~30 miles) is about all that is ever 
claimed. Within this measurement accuracy, all quakes in the central 
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Fig. 25 — Profile of Mid-Atlantic Median Rift showing maximum limits of 
seismic belt. 


part of the Atlantic fall in the Mid-Atlantic rift zone. Thus, there is a 
strong probability that all quakes on the Mid-Atlantic Ridge fall in 
this median trench. (Earthquakes of small magnitude are often detected 
when the signals are not sufficiently clear to allow a position to be de- 
termined. There are undoubtedly other quakes that are altogether un- 
detected.) All cables to Europe must cross this rift zone and thus will 
undoubtedly undergo earthquake shocks from time to time. There is no 
positive evidence that quakes have broken telegraph cables where they 
cross the rift. There are, however, several cases where the telegraph 
cables have parted in or near the rift. 

In the western Atlantic there have been recorded only six earthquakes 
that fall outside the belts described above. Two of these quakes occurred 
on the Bermuda Rise well away from cable routes. One quake occurred 
on the continental slope south of Newfoundland (the famous destructive 
Grand Banks earthquake); a second small shock nearby apparently 
caused no damage to cables. Two more quakes were centered off the 
Labrador Coast. Many cases have been recorded along the Pacific coast, 
of Central and South America where the cables failed in deep water 
following an earthquake. 
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5.2 Turbidity Currents — Slumps 


The turbidity current is a flow of sediment-laden water which occurs 
when an unstable mass of sediment at the top of a relatively steep slope 
is jarred loose and slides down the slope. As the slide or slump travels 
down the slope, more and more water becomes mixed in the mass, giving 
it high fluidity combined with its high density. The currents reach very 
high velocities, enabling them to spread for vast distances across the 
abyssal plains. Such slides occur at the edge of continental slopes, in 
particular, in the vicinity of river mouths, off prominent capes, or near 
banks. They are triggered by earthquakes, hurricanes, or floods. 

Three excellent pieces of evidence support the turbidity-current the- 
ory and all have important implications for submarine cables. The 
turbidity-current hypothesis was first introduced to explain the erosion 
of submarine canyons in the continental slopes. Supporting evidence 
was found in submarine cable breakage following the Grand Banks 
earthquake of 1929° and the Orleansville (Algeria) earthquake of 1954.7 
In both cases, submarine cables were broken consecutively in the order 
of increasing distance downslope from the epicenter of the earthquake. 
All of the cables were broken in at least two widely separated places 
(100 miles or more apart). The sections between breaks were swept 
away and/or buried beneath sediment deposited by the current so that 
repair ships were never able to locate a large proportion of these sections. 
Tig. 26 shows the area of the Grand Banks turbidity current. 

After study of this evidence, Heezen and Ewing concluded that the 
area covered by the current would show graded sediments as a result of 
deposition by the turbidity current. This was substantiated by the 
evidence of cores obtained from the locations shown on Fig. 26. 

Cable damage resulting from turbidity currents due to slumps at a 
river mouth is well illustrated by that off the mouth of the Magdalena 
River (Columbia, S. A.). On August 30, 1935, the disappearance of 480 
meters of the western breakwater and most of the river bar resulted 
from a slide which produced a 36-foot channel across the bar. The same 
night, tension breaks occurred in the submarine cable from Barranquilla 
to Maracaibo, which crosses the submarine canyon 15 miles off the 
mouth of the Magdalena in a depth of about 700 fathoms. The cable, 
when brought up for repair, was tightly wrapped with green grass of a 
type which grows in the marshes near the jetties. 

The same pattern has been repeated 15 times since the cable was laid 
in 1930. The breakage of the cables has occurred most frequently in 
August and late November to early December; the two periods of the 
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highest water of the river and of the strongest trade winds — conditions 
favorable for the triggering of turbidity currents. A chart of the area 
showing the cable breakage on the steep continental slope is shown in 
Fig. 27. 

Fig. 28 shows areas of the world inaccessible to shallow-water-derived 
turbidity currents, because of their elevation or because of protective 
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Fig. 26 —- The 1929 Grand Banks turbidity current. 
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barriers. The arrows show some modern turbidity currents which have 
been documented through the breakage of telegraph cables. This chart 
is not yet complete and it is expected that many more arrows can be 
added, each representing one or more currents, and some representing 
as many as 20 documented cases. | 

Areas which have experienced turbidity current flows in the past can 
be determined by a careful study of the nature of the bottom. From a 
study of sediments and topography of areas along a proposed route it is 
possible to delimit areas where turbidity current could and could not 
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Fig. 27 — Cable breaks in the submarine canyons off the Magdalena River, 
Colombia, South America. 


a, 


Q 100 





OCEANOGRAPHIC INFORMATION FOR SUBMARINE CABLES 1093 


occur, and in some cases to outline areas where they occur at frequent 
intervals. If, after the completion of such a study, it is decided to take 
the risk of laying a cable across a dangerous area and at a later date 
a turbidity current does occur, it will be possible to predict the length 
of cable to be replaced under various conditions. 


VI. CONCLUSIONS 


The application of the rapidly developing science of oceanography to 
the development and engineering of submarine cable systems will per- 
mit refinements in design, cable placing techniques, route selection, and 
repair operations. Existing knowledge, when evaluated and codified, pro- 
vides many useful data for immediate application. Continuing study of 
topography, the nature of the bottom, causes of cable failures, and deep 
sea circulation will permit further advances in the engineering of sub- 
marine cable systems. It is to be expected that the value and usefulness 
of submarine cable oceanographic studies will be substantially extended 
as geologic and oceanographic researchers broaden the understanding of 
the natural laws and processes which govern and produce the ocean- 
bottom environment. Through such knowledge, the data of many fields 
can be coordinated, permitting better explanation of past events and 
more accurate prediction of future conditions. 
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Resistance of Organic Materials and Cable 
Structures to Marine Biological Attack 


By LLOYD R. SNOKE 
(Manuscript received June 6, 1957) 


The increasing use of submarine telephone cable has resulted in the need 
for information on the performance of organic materials and cable structures 
under marine conditions. Recently, Bell Telephone Laboratories initi- 
ated a program to acquire fundamental data on the resistance of a wide 
range of organic materials, as well as immediately applicable engineering 
anformation. The present progress report describes the program which in- 
cludes accelerated, laboratory-microbiological tests, as well as the ac- 
quisition of data from actual marine exposures. In biochemical oxygen de- 
mand-type tests conducted to date polyethylene was not utilized as a carbon 
source by marine bacteria. Polyvinyl chloride plastics served as a source of 
energy for the organisms depending on the way in which the materials were 
plasticized. Five elastomers were utilized by the bacteria. There has been a 
steady rise in capacitance values for GRS-insulated conductors exposed in 
sea water and sediment under laboratory conditions for thirteen months. 
These increases appear due to biological activity on the insulation. The gen- 
eral performance of materials undergoing marine exposure is reported in- 
cluding reference to penetration of a few synthetic materials by marine 
__ borers. Brief mention is made of the examination of submarine cable samples 

from service. 


I. INTRODUCTION 


As a result of the increasing use of submarine telephone cable, there 
is a growing demand for information on the performance of organic 
materials and cable structures under marine conditions. Particularly im- 
portant is the need for data on the resistance of materials to attack by 
marine organisms. Although considerable published information exists 
on the behavior of natural organic materials such as wood, jute, hemp 
and the like, there is virtually no data on plastics, elastomers, casting 
resins or similar materials. 
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About three and a half years ago, the Laboratories initiated a program 
to determine the resistance to marine biological attack of materials which 
might find application in submarine cable. The program has tio primary 
objectives: (1) acquisition of fundamental information regarding the 
biological resistance of a wide range of selected organic materials, and 
(2) accumulation of immediately applicable engineering information 
on materials. 


II. OUTLINE OF PROGRAM 


It seemed evident that marine borers or microorganisms, particularly 
bacteria, might be expected to be the major agents of deterioration. 

Marine borers are mollusks or crustaceans which bore into a material 
for food or shelter depending on the particular organism involved. Of the 
crustaceans, the gribble, Limnoria, is the most outstanding. Cellulose 
material such as wood and cordage form its food supply and natural 
habitat. There are a few references which suggest that members of the 
genus Limnoria have bored into gutta percha. One by Chilton! refers to 
the activity of Zimnoria in the splice of a submarine cable in about 60 
fathoms off New Zealand. Preece? identifies Limnoria as the organism 
responsible for failure of the Holyhead-Dublin cable in 1875. Jona? states 
that he frequently found Limnoria in cables in the Adriatic Sea. Menzies! 
points out that no American species is known to occur in depths exceed- 
ing 50 feet; however, one species is known to occur off Japan at a depth 
of 163 fathoms. He suggests that the absence of wood probably limits 
the distribution of the animals in deep water. 

In the bibliography by Clapp and Kenk,® there are ten, separate cita- 
tions to the attack of submarine cables by molluscan borers belonging 
to the family Teredinidae. In most cases, attack was confined to cellulose 
constituents such as jute and hemp, although in a few instances mention 
is made of attack on gutta percha insulation. Although the teredine 
borers, along with Limnoria, are considered to be relatively shallow 
water organisms, Roch,® in his paper on Mediterranean teredos, refers 
to Teredo utriculus being obtained from depths as great as 3500 meters. 
There is one reference’ to teredo attack of lead-covered submarine cable. 

The other important family of boring mollusks is the Pholadidae. 
Members of this family are sometimes referred to as the “burrowing 
clams” and include rock, shell and wood borers. Some genera, such as 
Xylophaga, are found in water up to 1,000 fathoms or more deep.‘ 
Bartsch and Rehder® report the penetration of the lead sheath of a sub- 
marine cable by one of the Martesza, another genus of the family Pholidi- 
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dae. Members of the same family were reported by Snoke and Richards? 
to have bored through the lead sheath of a submarine telephone cable. 

The bacteria generally are single-celled organisms, a large number of 
which are heterotrophic, that attack organic matter and use it as a 
source of carbon or energy. The bacteria play an important part in the 
biology of the sea, their most important function being to decompose 
organic material into carbon dioxide, water, ammonia and minerals. The 
characteristics, distribution and function of the marine bacteria have 
been described in great detail by ZoBell.!° Bacteria are found in sea 
water and sediment from shallow depths to the deepest portions of the 
sea. During the Danish Galathea Deep-Sea Expedition from 1950 to 
1952, bacteria were found in depths as great as 10,280 meters." Many 
of these bacteria have been found to be barophilic”!, growing exclusively 
or preferentially at pressures approximating 15,000 psi. ZoBell and 
Morita” have reported experiments performed with these bacteria to 
determine the effects of high pressure on such factors as viability and 
enzyme production. Marine bacteria have been found capable of oxidiz- 
ing rubber products," as well as a wide variety of gaseous, liquid and 
solid hydrocarbons." Although evidence to date indicates that among 
the microorganisms, the bacteria are particularly likely agents of de- 
terioration in the ocean, it is possible that the fungi may also be con- 
tributors. Barghoorn and Linder’ report the physiological behavior and 
growth on various media of seven species of marine fungi isolated from 
wood continuously submerged in the sea. Deschamps” has discussed the 
role of fungi and bacteria in aiding the attack of wood by marine borers. 
Also, the occurrence of marine fungi in wood test panels, driftwood and 
piling in Biscayne Bay has been reported by Myers.!® 

A program designed to provide fundamental and engineering data on 
the susceptibility of organic materials to marine borers and microorgan- 
isms in an environment that covers about 70 per cent of the earth’s sur- 
face could be almost unlimited. The practical parameters which finally 
were established were based on a2 number of considerations. Junda- 
mental data on the basic inertness or relative rates of attack by micro- 
organisms could best be determined under controlled laboratory condi- 
tions; however, more than one procedure would be needed to determine 
performance in the environments of water and sediment. Because of the 
relatively rapid activity of marine borers under natural conditions, and 
their critical requirements as far as laboratory culture is concerned, it 
was decided that any borer tests would be conducted in the field. This 
meant that the natural exposure tests would serve as correlative tests 
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for the laboratory microbiological portion of the program, as well as a 
means of evaluating the relative performance of materials in the physical 
and chemical conditions of the ocean. 

The integrated program, shown in Fig. 1, involves a series of three 
laboratory tests on the one hand, and actual marine exposure on the 
other. Eventually, more than fifty different materials including plastics, 
elastomers, natural and synthetic fibers, as well as sections of cable will 
be tested. The present paper is in the nature of a progress report in which 
only a portion of the data to be acquired are presented. The results of the 
program to date will be examined beginning with the laboratory experi- 
ments. 


III. LABORATORY TESTS 
3.1 Biochemical Oxygen Demand Type Test 


The BOD (biochemical oxygen demand) type of test as applied in this 
study is really composed of two separate bioassay procedures. In one 
case, the oxygen consumed by aerobic bacteria is determined, and in the 
other a metabolic by-product resulting from anaerobic activity is meas- 
ured. With a few changes, both methods follow those which have been 
employed by ZoBell!* in tests of elastomers and various natural organic 
materials. 

There is one point which should be emphasized regarding both the 
aerobic and anaerobic procedures used in this accelerated sea water test. 
It is considered primarily a screening test which provides basic data on 
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Fig. 1 — Outline of marine biological test program. 
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the ability of marine bacteria to utilize a compound as a carbon source 
at the time of test. It will not reflect changes brought about in the ma- 
terial due to prolonged exposure in sea water, or ecological relationships 
which might make the material more or less susceptible to attack by 
certain bacteria. The other laboratory tests and natural exposure test 
will help furnish data on questions involving changes in materials due to 
long-term marine exposure. 


TaBLE J — MatTerrAts Testep AGAInst AEROBIC AND 
ANAEROBIC MARINE BACTERIA 











Designation Type 

Polyethylene! 
2.0 melt index? P5310466 
0.2 melt index (Source A) ' P5304156 
0.2 melt index (Source B) P5312587 
0.2 melt index + 5% butyl rubber + antioxidant P5308396 
0.2 melt index + antioxidant P5308390 
0.7 melt index (high density) nat. -+ antioxidant P5503135 
ae ar index (high density) + carbon black and antioxi- P5503133 

ant 
Poly(Vinyl Chloride)? 
Plasticizer 

Polyester A BTL 24-54 
Di-2-ethylhexyl phthalate (DOP) Shore A 88 BTL 23-54 
Tricresy! phosphate (TCP) BTL 529-53 
None (rigid) P5503087 
None’ P5502078 
None? P5502077 
Tri-2-ethylhexyl phosphate P5502081 
Nitrile rubber/polyester C P5502074 
Di-2-ethylhexyl phthalate (DOP) Shore A 62 P5502082 
Nitrile rubber P5502076 
Polyester E/DOP (BTL 46-55) P5508115 
None (PVC resin) P5510645 

Casting Resins 
Epoxide (cast), unfilled straight epoxy resin cured with 

amine hardener 

Styrene polyester, silica-filled 

Hlastomers® 
GR-S jacket BTL 54-14 
GR-A jacket BTL 54-18 
Butyl jacket BTL 54-19 
Natural rubber jacket BTL 54-23 

P Neoprene jacket BTL 54-164 

ute 





1 [xcept where noted polymers are low density grades manufactured by the 
high pressure process. 

2 ASTM D1238. 

3 With the exception of P5510645 all PVC compositions contained typical or- 
gano-metallic type stabilizers (such as Ba, Cd, and Pb), fatty acid lubricants in 
low concentrations, and in some cases small quantities of inorganic fillers. 

4 Semi-flexible PVC copolymer. 

5 These compounds all contain, in addition to the basic elastomers, sulfur, 
accelerators, waxes, processing oils, and reinforcing quantities of carbon black. 
(54-164 also contains clay.) 
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AGED OCEAN BOTTOM RAW 
SEA WATER SEDIMENT SEA WATER TEST MATERIAL 






(a) SATURATE WITH 
"FREE OXYGEN 






Ox) mE 
. 

(b) REMOVE ALL S eUCTURE. 
FREE OXYGEN (INOCULUM) 








TEST BOTTLE 


Fig. 2— Flow chart of biochemical oxygen demand (BOD) type test. 


The materials which have been tested thus far by the BOD type pro- 
cedure include polyethylene, polyvinyl chloride plastics, casting resins, 
elastomers and jute. The individual materials are listed in Table I. Other 
plastics and elastomers are still to be tested. 

The general features of both the aerobic and anaerobic parts of the 
test procedure are shown in the flow chart in Fig. 2. Certain features of 
the test are common to both parts. These features will be described first. 
The four primary constituents of the test are aged sea water, test ma- 
terial, ocean bottom sediment, and raw (unaltered) sea water. Aged sea 
water is raw sea water which has been filtered through Millipore filters 
of 0.5 micron pore size, and then aged in the dark until the biochemical 
oxygen demand (BOD) is quite low; 1.e., until the water contains about 
1 ppm of organic matter. This usually requires about eight weeks of 
aging. In the first tests which were run, materials were finely ground so 
as to expose a large surface area, and so accelerate attack. However, it 
soon became apparent in efforts to relate the rate of oxidation to surface 
area exposed that only crude estimates could be made of the irregular 
surface areas. Consequently, after the first few tests, thin sheets of ma- 
terial were employed wherever possible so that a measured amount of 
surface area could be exposed in each case. 

The inoculum for the test comes from specially prepared enrichment 
cultures. Approximately 90 cc of marine sediment is placed in a 250 ml 
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prescription bottle. About 1 gram of a finely divided test material is also 
placed in the bottle which is then filled about three-quarters full of raw 
sea water. To include as heterogeneous a population of marine bacteria 
as possible, another inoculum is prepared for addition to the enrichment 
culture. The additional inoculum is made by placing in a vial a small 
particle of each of seven different sediments furnished by Dr. ZoBell of 
the Scripps Institute of Oceanography. These sediments are identified 
in Table II. Following this, one or two drops of liquid are added to the 
same vial from each of twenty-nine different enrichment cultures which 
also were provided by Dr. ZoBell. These cultures are identified in Table 
III. Transfers from eight different cultures of marine sulfate-reducing 
bacteria are included, and the vial shaken thoroughly. About five drops 
of pooled inoculum are added to the enrichment culture prepared for 
each test material. The completed enrichment cultures are incubated at 
25° C for a minimum of six weeks prior to use. During the incubation 
period those bacteria in the culture which are capable of utilizing the 
test material tend to develop preferentially. 

The same enrichment culture is used whether the test procedure is 
aerobic or anaerobic since both conditions prevail in this type of enrich- 
ment culture — aerobic in the water and upper sediment, and anaerobic 
in the deeper, compacted sediment. Irom this point on, in describing the 
method used in the material tests, it is necessary to describe the aerobic 
and anaerobic procedures separately. 

In the aerobic tests, 0.01 per cent ammonium phosphate is added to 
sufficient sea water (usually about 7 liters) for a given test run. Oxygen 
is bubbled through the sea water in a carboy for a minimum of sixteen 
hours at which time the oxygen content of the sea water is about 25 
ppm. Since as many as four or more test materials may be included in a 
test run, the inoculum is prepared by combining in one vial a small 
amount of liquid from the enrichment culture for each material to be 


Taste II — Sources or SEDIMENTS* USED IN PREPARING 
ENRICHMENT CULTURES 





Ref. No. Source 





XG 17-4 (surface).........000.... Gulf of Mex., Rockport, Texas 


5408-1 (surface).................. 
X8-3884 (surface).............0.0.. 
5402-7 (0-5 cm) 
56:180 (4520 fathoms)....... are 
56:184 (2650 fathoms)............ 
56:177 (4550 fathoms)............ 





Gulf of Mex., Miss. Delta 
Gulf of Mex., Rockport, Texas 
Gulf of Mex., Miss. Delta 
Pacific, 7° 22.2’N, 127° 17’W 
Pacific, 19° 02’N, 174° 58’W 
Pacific, 7° 03.8’N, 126° 24.3°W 





* Obtained from Dr. C. ZoBell, Scripps Institute of Oceanography. 


1102 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957 


included in the run. Once in the vial, the inoculum is shaken and added 
to the aged sea water at the rate of 1 ml per 10 liters of medium. This 
amount of inoculum was calculated to give the maximum number of 
bacteria, consistent with a minimum addition of organic matter. The 
carboy is then placed under slight, positive oxygen pressure. 

The test is run in 60 ml glass-stoppered bottles. A small amount of test 
material is placed in each bottle. At the outset of the experiments, when 
ground material was used, this amounted to 0.05 gram, or a surface area 
of 4 to 45 sq cm, depending on the material. Later, when thin sheets of 
about 4 mils thickness were used, the samples were cut to a size of 2.54 
cm square. The samples are placed in the bottles the night before, and 
enough aged sea water added to permit surface wetting. With many 
materials this seems to result in less accumulation of air bubbles on the 
surfaces of the materials during subsequent filling with the medium. 


TasLe III — ENrIcHMENT CULTURES* USED AS SUPPLEMENTARY 
SourcES OF INOCULUM IN PREPARATION OF ENRICHMENT 
CULTURES FOR CURRENT PROGRAM 





Ref. No. Description 
34-134 rubber in distilled water 
34-134 anthracene in sea water 
34-134 sewage outfall, rubber in sea water 
34-134 mixed hydrocarbons i in sea water 
34-134 garden soil, rubber in sea water 
34-132 Athabaska tar sand, hydrocarbon-oxidizing bacteria and 
sulfate-reducers in sea water 
34-134 tricresol in sea water 
34-134 mixed hydrocarbons in sea water 
25-143 0.10% phenol in sea water 
34-134 0.25% phenol in sea water 
34-134 ’ | cork in sea water 
34-134 Shell oil No. 10 in sea water 
25-141 lignin in sea water 
34-134 sewage outfall, rubber in sea water 
34-134 sawdust and mud in sea water 
34-134 garden soil, rubber in sea water 
34-134 rubber in tap water 
34-134 mixed crude oil in sea water 
34-134 kerosene in sea water 
34-134 paraffin in sea water 
34-134 rubber in tap water 
- Athabaska tar sand, mixed crude oil in sea water 
- thiokol in sea water 
- neoprene in sea water 
~ cellulose acetate in sea water 
- butadiene (Buna A) in sea water 
- pooled aerobic hydrocarbon-oxidizing bacteria in sea water 
- crude coal tar in sea water 
- shellac in sea water 





* Obtained from Dr. C. ZoBell, Scripps Institute of Oceanography. 
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Of course, air bubbles would be a source of error in later oxygen deter- 
minations. 

Usually, sufficient test bottles are made up to provide duplicates for 
analysis after each period of incubation. Oxygen pressure, maintained 
on the sea water in the carboy, assures no loss of oxygen from the me- 
dium and forces it through tubing into the test bottles. Since incubation 
periods of 0, 1, 2, 4 and 8 weeks are used as a general guide, and two test 
bottles must be sacrificed for analysis after each interval, ten test bottles 
are used for each material. One set of ten control bottles containing only 
inoculated, aged sea water suffices for a test run, as long as the bottles 
for materials and controls are made up from the same batch of sea water 
and incubated at the same time. Incubation is carried out in the dark 
in a constant temperature water bath maintained at 20° + 0.5°C. 
Incubation in the water bath minimizes the fluctuation in oxygen content 
of the sea water which might be encountered as the result of “‘breathing”’ 
of the bottles in atmospheric incubation. After the various incubation 
periods, the free oxygen content of the sea water in the bottles is deter- 
mined by a modified Winkler procedure. 

In the anaerobic portion of the test, the procedure is essentially the 
same as for the aerobic part, the only differences being in the prepara- 
tion and handling of the sea water medium, the incubation times, and the 
analytical method. Of course, with the anaerobic bacteria it is necessary 
to remove all free oxygen from the sea water medium if the organisms 
are to function. Consequently, instead of bubbling oxygen through the 
medium, the sea water is boiled for ten minutes and placed hot in a 


TasBLeE [V — OxyGenN CONSUMPTION BY MARINE BACTERIA 
IN BOD Test wita POLYETHYLENE AS THE 
ONLY SouRCE OF ORGANIC CARBON 








Oz Consumption After Weeks of Incubation 
Test Material? 











1 2 4 8 

ppm ppm ppm ppm 
2.0 melt index? ........0 2.00... 0c eee eee 2.2 3.7 6.0 10.2 
0.2 melt index (Source A) ..............0... 0.8 1.6 2.4 10.9 
0.2 melt index (Source B) .................. 1.4 3.4 5.2 10.8 
0.2 melt index + antioxidant............... 0.9 3.0 6.2 8.5 
0.2 melt index + 5% butyl rubber + antiox.| 0.2 3.8 5.8 —} 
0.7 melt index (High Density) + antiox..... 0.9 4.3 7.4 9.3 
Controls (inoculated sea water)...... Patna: 1.5 5.3 8.3 11.2 





1 Samples accidentally destroyed. 

2 Kixcept where noted polymers are low density grades manufactured by the 
high pressure process. 

3 ASTM D1238 
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TABLE V -——- OxYGEN CONSUMPTION BY MARINE BACTERIA IN BOD TzEst 
witu Poty(Vinyt CuHLoripr) Piastics, Epoxipe Casting Resin 
ork JUTE AS ONLY SourcES OF OrGANIC CARBON 





Oz Consumption After Weeks of Incubation 
-Test Material 











1 2 4 8 
ppm ppm ppm ppm 
PVC — no plasticizer (rigid)................ 11.1 12.9 11.6 18.7 
PVC —tricresyl phosphate (TCP).......... 9.5 13.2 21.6 22.2 

PVC — ge ee oe (DOP) 

HONG ce 88154 gins thous tect eh adie: 9.1 13.4 19.7 20.7 

PVG r= polyester A cc sytciwytowckna ney aie es 19.3 22.2 * - 
poxide casting resin...........0..... 0.0005 — 4.1 5.1 4.2 

ULC sei fina dee Late ie, ee kt sos uae eA a 10.0 15.0 16.5 as 
Controls (inoculated sea water)............. 6.8 6.8 7.7 7.7 








* All free O» in sea water consumed. 


carboy containing 0.01 per cent ammonium phosphate. Nitrogen is 
introduced into the carboy immediately. When the sea water is cool, 
inoculum, which is prepared as described for the aerobic procedure, is 
added and additional nitrogen pressure placed on the carboy for filling 
the test bottles. Since anaerobic activity is usually slower than aerobic, 
the time in test is increased. Analysis for hydrogen sulfide in the sea 
water is carried out at 0, 4, 8, 12 and 16 weeks. Since the sulfate-reducing 
bacteria are ubiquitous anaerobic marine species, the hydrogen sulfide 
produced by them in the course of breaking down organic material is 
used as an indicator of their activity. The sulfide in the sea water is de- 
termined volumetrically according to the method described in the Official 


TasLteE VI — OxyGEN CONSUMPTION BY MARINE BaAcTERIA IN BOD 
TresT wiTH PoLy(VinyL CHLORIDE) PLASTICS 
AS THE ONLY SOURCE OF ORGANIC CARBON 








Oz Consumption After Weeks of Incubation 
Plasticizer 

















1 2 4 8 

ppm ppm ppm ppm 
Nitrile rubber/polyester C.................. 10.3 12.9 21.4 
INIEPMG PUDBER se. at sedan dbname seas need a 9.2 12.3 18.7 = 
NOne)s cite ae rnd at ee eed Baa oR Pa Se 3.7 4.2 6.5 10.5 
NON! 2 3. oiah eden a Gan ube odes autem s 4.0 5.5 8.4 11.0 
Tri-2-ethylhexyl phosphate. ................ 11.7 14.4 23.1 | ‘i 
Di-2-ethylhexyl phthalate (DOP) Shore A 62. 6.4 8.4 11.5 * 
Polyester E/DOP (BTL 46-55).............. * 
Controls (inoculated sea water)............. 3.5 4.5 7.1 9.7 





* All free O2 in sea water consumed. 
1 Semi-flexible PVC copolymer. 
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TaBLeE VII — OxyGen Consumption BY Marine Bactrria IN BOD 
Test witH POLYETHYLENE, PoLYESTER CastiING RESIN or Poty- 
(VinyL CHLORIDE) RESIN AS ONLY SOURCE OF ORGANIC CARBON 





Oz Consumption After Weeks of Incubation 
Test Material 





1 2 4 8 








pom ppm ppm ppm 
Polyethylene 0.7 melt index (High Dens.) 








Nat. + antioxidant..............0...0..0.. 3.1 3.3 6.1 6.5 
Polyethylene 0.7 melt index (High Dens.) 

Ba pescscezasheel ac Auna dete Sits Aa sub ese the aes as ae 2.9 4.1 7.1 7.0 
Styrene polyester, silica-filled............... 5.5 7.0 9.3 12.1 
Poly(Vinyl Chloride) resin.................. 4.2 4.1 7.3 7.2 
Controls (inoculated sea water)............. 2.5 3.8 6.7 6.7 








and Tentative Methods of Analysis of the Association of Agricultural 
Chemists. 

The results of the aerobic test procedure are presented in Tables IV 
to VIII inclusive. In these tables the oxygen consumption values ob- 
tained with materials which went through the same test run are included 
in the same table. The materials included in Tables IV and V, with the 
exception of jute, were exposed in finely ground or shaved form. Since it 
was not possible to obtain reliable estimates of the surface areas exposed 
to attack in this case, the oxygen consumption values in these tables are 
not directly comparable with respect to rate. The data serve the im- 
portant basic purpose of indicating whether these materials can serve 
as a source of energy for the bacteria. However, data in Tables VI to 
VIII inclusive are based on the use of equally thin sheets of material 
with about 12.9 sq cm of surface area exposed to attack. Two exceptions 


Taste VIII — OxyGen ConsumMPTION BY MARINE BACTERIA IN BOD 
TEST WITH ELASTOMERS AS THE ONLY SOURCE 
OF ORGANIC CARBON 





O2 Consumption After Days of Incubation 




















Elastomer 
3 7 14 28 
ppm ppm ppm ppm 
GR-S jacket (54-14) ....0 0... eee 15.8 * 
GR-A jacket (54-18) .....0 0.0... 000.0002 28. 6.1 10.9 23.5 * 
Butyl jacket (54-19) .....................0.. 13.9 » 
Natural rubber jacket (54-23)............... 14.1 * 
Neoprene jacket (54-164) ................... 1.9 4.1 10.3 - 
Controls (inoculated sea water)............. 0.0 —0.4 0.0 





* All free O2 in sea water consumed. 
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to this are the polyvinyl] chloride resin and styrene polyester in Table 
VII which could not be prepared in sheet form. 

Results for polyethylene are described in Tables IV and VII. The 
oxygen consumption values in these tables are almost identical to the 
control values obtained using only inoculated sea water. There is no 
evidence in any of these tests of polyethylene being utilized as a source 
of carbon by the bacteria. In fact, in Table IV, all of the eight week values 
for polyethylene are slightly below those for inoculated sea water alone. 

The results with the polyvinyl chloride plastics vary according to the 
manner in which the compounds are plasticized. The data are contained 
in Tables V, VI and VII. First, as may be noted in Table VII, there is 
no attack on the polyvinyl chloride resin. This indicates that the sus- 
ceptibility of these plastics can be attributed to materials added in com- 
pounding. Every polyvinyl chloride plastic tested shows some evidence 
of attack; (distinct oxygen consumption above the control rate), ex- 
cept the semi-flexible copolymers which contain no added external 
plasticizer. In these compounds, acrylates are employed as copolymers. 
The most severe attack occurred on the plastic in Table VI which con- 


POLYESTER 
E/DOP 


| Le 
TinnApcail 





Oz CONSUMPTION IN PPM 


FERZani 
if HE 


CONTROL-” 
INOCULATED 
SEA WATER 











iccmenion TIME IN WEEKS 


Fig. 3 — Examples of O, consumption by marine bacteria in BOD test with 
Poly (Vinyl Chloride) plastics as carbon source. 
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tains a combination of polyester E and di-2-ethylhexyl phthalate (DOP), 
and one in Table V plasticized with polyester A. These polyesters are 
fatty acid-type compounds. Typical oxygen consumption values for 
three different polyvinyl chloride plastics, representing different rates 
of utilization by the bacteria, are plotted in Fig. 3. As noted in Table I, 
very low concentrations of organo-metallic stabilizers and fatty acid 
lubricants were in all the compounds tested except the resin alone. How- 
ever, of the three materials which contained no added external plas- 
ticizer only the rigid plastic is utilized. This material contained about 
8 to 10 times as much fatty acid lubricant as the other two compounds. 

Two casting resins were tested, one an epoxide (Table V), and the 
other a silica-filled styrene polyester (Table VII). Under the conditions 
of this test, the epoxide resin is not utilized by the organisms. In the 
case of the styrene polyester, results are less conclusive. After eight 
weeks, an oxygen consumption value 5.4 ppm higher than that for the 
controls suggests the possibility of attack. Additional tests are planned 
with this material to obtain more data on which to base a final decision. 

As might be expected, the jute fibers are quite susceptible to attack; all 
oxygen was consumed from the test medium between the fourth and 
eighth week (Table V). The fact that results in the same test run with 
the polyvinyl chloride compound plasticized with polyester A show that 
all oxygen was consumed from the test medium in 17 days does not mean 
that this latter compound is more susceptible to attack than jute. In 
the jute, bacterial attack is necessarily restricted to a progressive surface 
attack, but with the polyvinyl chloride compound, leaching of the sus- 


TABLE [LX — HYDROGEN SULFIDE PRopuUCcTION BY MARINE BACTERIA 
IN ANAEROBIC SEA WATER TEST WITH POLYETHYLENE 
AS THE ONLY SOURCE OF ORGANIC CARBON 





H2S Production After Weeks of Incubation 
Test Material! eH 

















4 8 12 16 

ppm ppm ppm ppm 
2 O.Melt InGex*. Loy o5ch lols eae aseatgas Seeks 0.22 0.32 0.22 —3 
0.2 melt index (Source A).................. 0.22 0.29 0.45 3 
0.2 melt index (Source B).................. 0.22 0.32 0.26 0.38 
0.2 melt index + antioxidant............... 0.22 ‘| 0.64 0.35 0.58 
0.2 melt index + 5% butyl rubber + antiox. | 0.22 0.32 1.31 0.24 
0.7 melt index (High Density) + antiox.....| 0.22 0.22 0.29 0.45 
Controls (inoculated sea water)............. 0.10 0.64 0.70 0.58 





1 Except where noted polymers are low density grades manufactured by the 
high pressure process. 

2 ASTM D1238 

3 Insufficient samples 
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ceptible plasticizer into the sea water medium might greatly accelerate 
utilization of that material and be reflected in rapid oxygen consumption. 

Five different elastomers have been evaluated by the BOD test to 
date. The results with aerobic bacteria are presented in Table VIII. 
First, it is apparent that all of the elastomers tested can serve as a source 
of carbon for the bacteria. As may be noted in the table, GR-S jacket 
(54-14), butyl jacket (54-19) and natural rubber (54-23) are oxidized 
at about the same rate—all oxygen being consumed from the test me- 
dium between the third and seventh day analyses. GR-A (54-18) and 
neoprene jacket (53-164) are more resistant than the other three elas- 
tomers in the test. During the fourteen-day test period, approximately 
twice as much oxygen was consumed in the case of the GR-A as with 
the neoprene. 

The results of anaerobic bacterial activity, as reflected by analyses 
for hydrogen sulfide in the sea water medium, are contained in Tables 
IX to XII, inclusive. As with the results of the aerobic test, materials 
in a given test run are included in the same table. No polyethylene is 
utilized as a source of carbon by the sulfate-reducing bacteria. In no 
case is the production of hydrogen sulfide, with different polyethylenes 


TABLE X — HypROGEN SULFIDE Propuction By Marine Bacteria 
tn AnabROBIC SEA Water Test with PoLy(VINYL CHLORIDE) 
Puastics, Epoxipr Castine RESIN, or JUTE 
AS ONLY SouRCES OF ORGANIC CARBON 





HeS Production After Weeks of Incubation 
Test Material 




















4 8 12 16 
ppm ppm ppm ppm 
Poly(Vinyl Chloride) Plastics 
No plasticizer (rigid)..................0.. 1.90 3.50 4.20 5.60 
Tricresyl phosphate (TCP)............... 0.22 0.22 0.64 0.38 
Di- re -ethythexyl phthalate (DOP) Shore 
phi Ete lest oer droe dearth teen Sern TIN der ed 8 0.26 0.26 0.26 0.61 
Pay ite paisa eo Sh BP high dined Spe uaiool 4 2.60 | 38.40 | 38.40 | 47.70 
Nitrile rubber/polyester C................ 1.50 7.00 | 19.98 | 18.60 
INGtrtle RUDDER cciouin Coa bee Sih ace ee ak eae tee he 4.10 9.60 | 12.40 | 11.50 
NO plasticizer’. ocx cance ak een GM va 0.22 0.22 0.90 0.51 
DGG: PINSUIGIZED e)-¢ b40.ae dae Oman tadieu ie eins 0.32 0.64 1.89 1.02 
Tri-2-ethylhexyl phosphate............... 0.26 0.96 1.86 0.99 
Di-2-ethylhexyl phthalate (DOP) Shore 
POD boca te es le hay tal the bd ah se tania ha Rd 0.22 0.22 1.09 0.58 
Polyester Ii/DOP (BTL 46-55)............ 12.20 | 61.40 | 94.10 | 82.90 
Epoxide casting resin..................-.05. 0.16 0.64 0.86 0.48 
Cita ten enn ha cham ceil Seay Aree Sake ences * 1.90 | 13.40 | 38.60 | 52.20 
Controls (inoculated sea water)............. 0.10 0.64 0.70 0.58 








1 Semi-flexible PVC copolymer 
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TaBLe XI — Hyproagren SuLFIDE PRopucTION BY MaRriINE BacTERIA 
IN ANAEROBIC SEA WaTER TEST WITH POLYETHYLENE, 
PoLyEsTER CasTING Resin or Pouty(VinyL CHLORIDE) 

Resin aS OntY Sources OF CARBON 








H2S Production After Weeks of Incubation 
Test Material 




















4 8 12 16 
ppm ppm ppm ppm 
Polyethylene — 0.7 melt index (High Dens.) 

Nat. + antioxidant ....................... 0.35 0.58 0.90 1.12 
Polyethylene — 0.7 melt index (High Dens.) 

Blk. + antioxidant ..............0........ 0.26 0.48 0.38 0.74 
Silica-filled styrene polyester................ 0.83 0.83 1.02 1.02 
Poly(Vinyl Chloride) resin.................. 0.48 0.58 0.58 0.58 
Controls (inoculated sea water)............. 0.45 0.86 0.91 0.91 








as the test material (Tables IX and XJ), significantly greater than in 
the control bottles. In fact, in most cases it is actually less than that for 
the controls. 

Four polyvinyl chloride plastics appear to have served as a source of 
carbon for the anaerobic organisms. In order of decreasing susceptibility 
they are the compounds plasticized with (1) polyester E/DOP, (2) poly- 
ester A, (3) nitrile rubber/polyester C, and (4) no plasticizer (rigid). 
Just as in the case of the aerobic procedure, the plastic plasticized with 
polyester E/DOP is used much more rapidly than any of the other 
polyvinyl chloride compounds. There is no evidence of attack on poly- 
vinyl chloride resin, again indicating that the attack is on the plasticizers, 
not the polyvinyl chloride itself. In this regard, it should be pointed out 
again that although the polyvinyl chloride compound listed as “‘no plas- 
ticizer (rigid)”’ in the tables and text does not contain an external plas- 


TaBLE XIT — HypRrRoGEN SULFIDE PRopUCTION BY MARINE BACTERIA 
IN ANAEROBIC SEA WaTEeR TEST WITH ELASTOMERS AS THE 
ONLY SourcES OF ORGANIC CARBON 








HeS Production after Weeks of Incubation 














Elastomer 

4 8 12 16 

bem ppm ppm ppm 
GR-S jacket (54-14) ....0...000...0.0..0..05. 0.66 0.77 0.56 0.75 
GR-A jacket (54-18) .....00.00.0........0.00. 0.96 0.95 0.72 0.87 
Butyl jacket (54-19) .....00.0...0....0..05.. 1.52 6.64 8.08 9.65 
Natural rubber jacket (54-28) ............... 1.62 2.48 3.58 3.74 
Neoprene jacket (54-164) ................... 1.06 1.20 0.99 0.96 
Controls (inoculated sea water)............. 0.37 0.48 0.43 0.42 
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PVC COPOLYMER 
(SAME AS CONTROL OF 
INOCULATED SEA WATER) 











HsS CONTENT OF SEA WATER-PPM 





2. 
fe) 2 4 6 8 10 12 14 16 18 
INCUBATION TIME IN WEEKS 


Fig. 4 — Examples of H.S production by marine bacteria in anaerobic sea 
water test with Poly(Vinyl Chloride) plastics as carbon source. 


ticizer, fatty acid lubricant probably serves as a source of nutrient. For 
comparative purposes, the examples of hydrogen sulfide production 
plotted in Fig. 4 are for the same plastics included in Fig. 3 which relates 
to the data from the aerobic procedure. 

Jute is attacked by the anaerobic bacteria just as it is utilized by the 
aerobic organisms. However, neither the epoxide casting resin (Table 
X) or the polyester casting resin (Table XI) seem to serve as a source 
of carbon. 

The results of the anaerobic test with the elastomers are presented in 
Table XII. It is interesting to note that early attack occurs on the 
natural and butyl rubber jackets, but that none of the other elastomers 
is utilized by the organism. It is somewhat surprising that attack on 
GR-S did not progress at about the same rate as on natural and butyl 
rubber. 

The data which have been obtained in the aerobic and anaerobic parts 
of the BOD-type test are summarized in Table XIII. There is one out- 
standing fact about the data — no material was utilized by the anaerobic 
bacteria which was not utilized also by the aerobic organisms. Under 
the conditions of the test, however, materials did serve as a carbon 
source for aerobic bacteria and not for the anaerobes. 


3.2 Conductor Test 


It is apparent that the BOD test provides considerable fundamental 
information on the ability of halophilic bacteria to utilize organic ma- 
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terials as a carbon source in sea water. There is little or no opportunity 
for ecological factors to come into play, however, particularly with re- 
gard to marine sediment. In the conductor test, sea water and marine 
sediment form a part of the test environment, and the test is run over 
a much longer period of time, thus encouraging more natural and dy- 
namic organism associations. Likewise, the natural relationship between 
material and environment is simulated more closely than it is in the more 
accelerated test. In these respects, the conductor test is intermediate to 
the BOD-type test and natural marine exposure. 

The material to be tested is coated on a conductor to provide about 
10 mils of insulation. A standard coil of this insulated conductor is then 
exposed in a 16-ounce bottle so that half of the coil is in marine sediment, 
and half is in sea water. The ends of the coil are brought through holes 
in the bottle cap and attached to terminals in the cap. The general 
features of the test setup are shown in Fig. 5. The bottle is incubated at 
20°C. Capacitance and conductance measurements, taken monthly, in- 
dicate any change in the insulation. Some conductors are placed in 
sterile sea water and sediment to serve as controls. This type of test can 
be continued for months or years if necessary. 

Most of the conductor tests are now being initiated. Two materials, 
however, GR-S and a rigid polyvinyl chloride, have been under study 


TABLE XIJTI—SumMary oF MATERIALS UTILIZED AS SOURCE OF 
CARBON BY AEROBIC OR ANAEROBIC MARINE BACTERIA 
In BOD-Tyret Test 





Utilized as Source of Carbon by 





Aerobic Bacteria Anaerobic Bacteria 





PVC — no plasticizer (rigid) PVC — no plasticizer (rigid) 
PVC — tricresyl phosphate (TCP) 
PVC — di-2-ethylhexyl phthalate 

(DOP) Shore A88 


PVC — polyester A PVC — polyester A 
PVC — nitrile rubber/polyester C PVC — nitrile rubber/polyester C 
PVC — nitrile rubber PVC — nitrile rubber 


PVC — tri-2-ethylhexyl phosphate 
PVC — di-2-ethylhexyl phthalate 
(DOP) Shore A 62 
PVC — polyester E/DOP (BTL 46-55) | PVC — polyester E/DOP (BTL 46-55) 
Styrene polyester 
GR-S jacket (54-14) 
GR-A jacket (54-18) 
Butyl jacket (54-19) Butyl jacket (54-19) 
Natural rubber jacket (54-23) Natural rubber jacket (54-23) 
Neoprene jacket (54-164) 
Jute Jute 
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for several months in a “dry” run to establish the biological procedure, 
as well as the techniques of measurement which are to be employed. 
The capacitance and conductance data which have been obtained on 
these two materials to date are presented in Tigs. 6 and 7, respectively. 
In the case of the test samples, each point represents the average value 
for four test coils, but for the controls each point represents only one 
coil. 

With the GR-S test samples, there is a sharp rise in the capacitance 
values between the second and third month, amounting to about 110 
uuf. Thereafter, the rise in the curve continues, the slope decreasing some- 
what at about the eighth-month point. Over the entire test period, the 
capacitance ranged from 632 upf at the start to 850 uf after 13 months 





Fig. 5 — General setup of conductor test showing a coil half in sediment and 
half in sea water. 
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Fig. 6 — Capacitance changes resulting from exposure of GR-S (51-92) and 
Poly (Vinyl Chloride) (BTL 172-54) insulated conductors in sea water and sediment. 


exposure — a total change of 218 uyf. If it is assumed that the insulating 
materials were removed equally along the length of the coil, it can be 
computed that this change in capacitance represents a loss of 8.1 mils 
of insulation. The following formula is used to arrive at this figure: 


Ze Do Calc 
a a(%) 


where D = present diameter in mils, 
D> = original diameter in mils, 
d = diameter of wire in mils, 


Cy = original capacitance in yyf (start of test), 
C = present capacitance in yuyf. 
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In contrast, capacitance values for the controls have remained essentially 
unchanged. 

There has been no substantial increase in the capacitance of the poly- 
vinyl chloride-insulated conductors although there is some evidence of 
an upward trend in the data for the coils in the biologically active en- 
vironment. There was a rise in capacitance of about 15 uf between the 
one and three month period, and a similar rise between the eighth and 
tenth month. Future measurements should indicate whether any bio- 
logical attack is occurring. 


GRS INSULATION-10 MILS 
PVC INSULATION-12 MILS 


GRS TEST 
PVC TEST 
GRS CONTROL 
PVC CONTROL 








CONDUCTANCE IN MICROMICROMHOS 





TIME IN TEST IN MONTHS 


Fig. 7 — Conductance changes resulting from exposure of GR-S (51-92) and 
Poly (Vinyl Chloride) insulated conductors in sea water and sediment. 


As may be noted from the conductance data for both materials in 
Tig. 7, the patterns of the curves for the test and control samples are 
essentially the same. In all cases there has been a slight increase in con- 
ductance over the 13 month test period. For GR-S it has increased from 
about 1.5 to 2.0 uumhos and for the polyvinyl chloride from about 0.75 
to 1.5 wumhos. 

In a test of this kind the rise in capacitance, such as that which occurs 
with the GR-S, without any marked corresponding increase in con- 
ductance suggests that the insulation is being modified by the attack, 
rather than actually removed as assumed previously. It also suggests 
that the action is most likely due to bacteria rather than fungi which 
might be expected to penetrate the insulation directly to the conductor 
and so have a more pronounced effect on conductance. When the test is 
terminated, it is hoped that these insulated conductors can be run 
through a capacitance and conductance monitor to locate the specific 
points of deterioration, and to determine the extent and type of attack. 
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IV. SOIL BURIAL 


Since this phase of the test program is yet to be started no extended 
coverage is possible in this paper, except to point out the reason for its 
inclusion. There is some evidence in the results of the marine exposure 
tests at the Laboratories that the general order of susceptibility of ma- 
terials to marine microorganisms is the same as it is to terrestrial micro- 
organisms. This observation has also been supported in discussions with 
some other investigators. The current program at the Laboratories 
offers an excellent opportunity to compare the performance of a wide 
range of materials in the two environments. If a correlation pattern can 
be established, considerably more data in the literature can be brought 
to bear on the problem. Perhaps at a later date it will be possible to 
present data comparing material performance in the laboratory soil- 
- burial test and marine-type tests. 


V. MARINE EXPOSURE 
5.1 Marine Borer Tests 


The Laboratories, in cooperation with the William F. Clapp Labora- 
tories, Inc., Duxbury, Massachusetts, is conducting the marine borer 
tests. This phase of the program was initiated in 1954 and involves the 
natural exposure of specimens at two locations — Wrightsville Beach, 
North Carolina, and Daytona Beach, Florida. These tests are aimed 
primarily at obtaining information on marine borer attack; however, the 
samples are exposed in such a way that information is obtained on micro- 
biological activity as well. In addition, valuable data is obtained on the 
purely physical and chemical effects of the environment on the materials. 

Wrightsville Beach and Daytona Beach were selected as test sites 
because of the severe and diversified borer activity present in the two 
areas. At present, more than fifty different materials are exposed at the 
two locations. Represented are plastics, elastomers and natural organic 
materials. All of the materials which have been put through the BOD- 
type test, or are still to be included, are represented in the marine borer 
portion of the test program. Where possible, test specimens are made in 
solid rod or tube form about one inch in diameter and three feet long 
to simulate cable shape. In the case of fibers and tapes, samples are 
wrapped on 32-inch diameter Lucite rods 3 feet long. These rods are as- 
sembled in racks of about 26 rods each. An untreated, southern pine 
two by four, susceptible to borer attack, is fitted around the samples at 
midpoint, where it functions as a bait piece to lead the organisms into 
direct contact with each test rod. Of course, where there is no bait piece 
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Fig. 8 — A test rack used in marine borer test prior to exposure. Note bait 
piece of untreated wood fastened across middle of test rods. 


it is possible to determine whether the organisms can attack the samples 
directly from the water. Fig. 8 is a photograph of one of the racks prior 
to exposure in the sea. The lower 10 inches of the rods are embedded in 
the bottom sediment where bacterial action is relatively high. Thus, each 
sample is subjected to water exposure and possible borer attack through 
the transition zone from water to sediment and into the generally 
anaerobic conditions of the sediment. 

Due to the short time that these tests have been in progress, it is im- 
possible to draw extensive conclusions, particularly with regard to micro- 
biological activity. Long exposure times may bring about physical or 
chemical changes in a material which may render it more, or less, sus- 
ceptible to attack. However, until more detailed data are available, 
some interesting preliminary examples of biological activity can be cited 
which may be of some interest and serve to illustrate the kind of informa- 
tion which is steadily being acquired. 

With but two exceptions, there has been no direct penetration by 
borers, or microbiological deterioration, of any of the plastics. Polymono- 
chlor-trifluoroethylene in the form of a 0.0035 inch-thick tape wrapped 
on a #-inch diameter Lucite rod for exposure, was penetrated at one 
point by a pholad. This attack occurred after three years of exposure at 
Daytona Beach. Apparently the mollusk bored through an accumulation 
of calcareous fouling and then progressed through the plastic into the 
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Lucite rod. In another instance, after 25 years of exposure at Wrights- 
ville Beach, there was penetration of a silicone rubber test rod at a 
single point by a pholad. In this case, the test sample was a solid rod of 
the elastomer one inch in diameter. Attack oceurred:on the cross-sec- 
tional face of the mud end of the rod. Penetration was to a depth of 
about 4 mm, and the dimensions of the hole at the point of entry were 
1.5 by 2.0 mm. Although these examples serve to demonstrate the ability 
of pholads to bore into these materials, it should be emphasized again 
that attack has been confined to single points and is not general on these 
materials. 

The physical relationship of one material to another can be very im- 
portant as far as borer attack is concerned. A piece of one of the Lucite 
rods on which jute roving was wrapped for exposure is shown in Fig. 9. 
The holes in the rod resulting from penetration by pholads are readily 
apparent. One of the organisms may be seen protruding from the left- 





Fig. 9 — Section of Lucite rod showing penetration by pholads. One of the mol- 
lusks can be seen protruding from the left-hand side of the rod. Original magni- 
fication 2X. 
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Fig. 10 — Cellulose acetate fiber showing extensive surface erosion after one 
year of marine exposure. Original magnification 1000X. Photo by F. G. Foster. 


hand side of the rod. In this case, the pholads obtained their start in the 
jute wrapping and then were able to progress into the Lucite. There was 
no attack evident on portions of the rod which were not wrapped with 
jute. Also, it is interesting to note that the jute in this particular case 
was treated with an impregnant consisting of 50 parts asphalt, 50 parts 
paraffin and 2 parts zinc naphthenate. Although this mixture was not 
highly effective as a preservative, it did serve to hold the jute in position 
long enough to enable the borers to become established. There has been 
no evidence of penetration of Lucite rods on which untreated jute was 
wrapped. Here, apparently, the jute was destroyed by microbiological 
attack or other borers such as limnoria before the pholads could become 
well established. 

In this progress report no detailed comparison of the performance of 
natural fibers, such as jute treated with various preservatives, will be 
attempted. Results in many cases are still inconclusive. As might be 
anticipated, however, the jute specimens as a group have suffered much 
heavier deterioration by borers and microorganisms than the plastics, 
elastomers and casting resins. Particularly noteworthy is the fact that 
although there is considerable evidence of bacterial attack upon micro- 
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scopic examination, there is also much degradation evident by the fungi. 
Pin holes in the cell walls with associated fungal hyphae are extensive. 

Secondary cellulose acetate has been quite susceptible to microbio- 
logical deterioration. Yarn has been destroyed in just six months of 
marine exposure, not by borers, but predominantly by bacteria. Upon 
microscopic examination, the fibers show severe surface erosion due ap- 
parently to bacterial attack. In the marine samples which have been 
stained and examined, hyphae have been evident in only one isolated 
instance. The extent of the pitting and surface erosion in one of the 
marine samples after one year in test can be seen in Fig. 10. This char- 
acteristic pattern of erosion is also evident in samples of cellulose acetate 
yarn from soil burial. Such a sample after 60 days of burial is shown in 
Fig. 11. Here again attack appears to be predominantly of bacterial 
origin. 

In the marine borer tests, the sample rods become heavily fouled in 
the water area, as may be noted in Fig. 12. Although these fouling organ- 
isms do not use the materials to which they attach as a source of food, 
it is well known that they can do mechanical damage or chemically 
influence the environment beneath them. The reader who is particularly 
interested in the broad subject of fouling and its effect on materials, 





Fig. 11 — Cellulose acetate after 60 days in laboratory soil burial. Note charac- 
teristic surface erosion comparable to that shown in Fig. 10 for marine test sample. 
Original magnification 500X. Photo by F. G. Foster. 
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Fig. 12 — Test rack being lifted from water at Wrightsville Beach. Heavy ac- 
cumulation of fouling on test rods in water-exposed area stops at point where rods 
entered the sediment. ; 


structures and coatings, is referred to the report of the investigations 
conducted at the Woods Hole Oceanographic Institution during the 
years 1940 to 1946.” The restricted areas beneath fouling, particularly 
under the bases of calcareous organisms such as barnacles, provide ideal 
cells for bacterial activity. Conditions of pH and aeration may be mark- 
edly different in these confined areas from those in the surrounding 
water. Some of the test rods made of polyvinyl chloride plastics contain- 
ing basic lead stabilizers, illustrate the fact rather dramatically. Ana- 
erobic, sulfate-reducing bacteria are common marine organisms which 
release hydrogen sulfide in the process of breaking down organic ma- 
terial. Under tightly adhering fouling, aerobic bacteria can utilize the 
free oxygen much more rapidly than it can be replaced by diffusion from 
the surrounding water. Once the oxygen has been depleted, the anaerobic 
organisms begin their activity and cause relatively high concentrations 
of hydrogen sulfide to be built up. The hydrogen sulfide reacts with the 
basic lead salts used as stabilizers and produces black lead sulfide. The 
sharp boundaries of the different environmental conditions existing 
beneath the base of a barnacle on one of the polyviny! chloride test rods 
are illustrated in lig. 13. Here the pattern of the barnacle base has 
literally been reproduced by the sulfiding which occurred under it. The 
black border and black radiating lines correspond to areas of exception- 
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ally close contact. The radial extent of this sulfiding in the bottom end 
of the rod which was embedded in the sediment, as compared to the top 
or water end, is shown in Fig. 14. It must be emphasized that there has 
been no indication to date of any adverse effect on the physical properties 
of plastics which have been sulfided in this way. 


VI. CABLE SAMPLES FROM SERVICE 


The samples of submarine cables which have been examined to the 
present time represent both telegraph and telephone cables. The samples 
of telegraph cable have been obtained through the cooperation of the 
Western Union Telegraph Company. It takes considerable time to as- 
semble a large number of specimens during the course of routine repair 
operations. As a result, although some 22 different samples, the majority 
from the North Atlantic, have been examined, it is possible to make only 





Fig. 13 — Sulfiding of Poly (Vinyl Chloride) plastic test rod beneath barnacles. 
The black, circular border and center area represent sulfiding at points of excep- 
tionally close contact. Original magnification 2X. Photo by J. B. DeCoste. 


1122 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957 





Fig. 14 — Cross-section of Poly(Vinyl Chloride) rod showing sulfiding due to 
sulfate-reducing marine bacteria. Bottom end was in sediment — top in water. 
Exposed at Daytona Beach for two years. Original magnification 1.6X. 


general observations and broad comparisons. The locations and depths 
from which the samples were obtained are given in Table XIV. In most 
cases, a sample 3-feet long is obtained. Twenty-two different pieces of 
such size represent a rather small sample with respect to the total 
marine environment. Here again the program assumes more value as 
additional samples are obtained. 

The: procedure employed in examining one of these cable sections is’ 
about as follows. First, the over-all external condition is observed and 
recorded. Then, the outer jute covering, armor wires, inner jute bedding, 
and cloth and metallic tapes, if any, are removed progressively. The 
armor wires are examined in detail by electrochemists to determine the 
extent and kind of corrosion. The jute is tested in various ways. If 
sufficient material is available tensile strength is measured. Microscopic 
examination of representative fibers is also made. In the case of the inner 
jute which is not treated with tarry materials, damage counts are run 
according to the procedure of MacMillan and Basu.!8 According to this 
method, deoiled and dewaxed fibers are permitted to swell in 10 per cent 
sodium hydroxide solution. Following this they are treated in a bath of 
133 per cent weight to volume, aqueous zine chloride solution over steam. 
Undamaged fibers swell as tight helices while damaged fibers swell as 
bundles of parallel fibrils. The fibers are mounted in zinc chloride solu- 
tion on a microscope slide and counted to determine the per cent of 
damaged fibers. 

To examine the integrity of the insulation on the conductor, the elec- 
trolytic procedure of Blake, Kitchin and Pratt?® is used. An electrolytic 
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cell is set up with 20 per cent copper sulfate solution as the electrolyte, 
and a copper plate as the anode. The cathode is a loop of the insulated 
conductor from the cable. Any plating out of copper on the cathode 
indicates a break in the insulation. In this way the integrity of a rela- 
tively long length of conductor can be examined critically and simply. 

One of the outstanding facts apparent from the examination of cable 
samples has been the evident importance of the outer jute in limiting 
the corrosion of armor wires. Galvanized steel armor wires which still 
retain the protection of flooding compounds, such as asphalt, tar or 
pitch, together with outer servings of impregnated jute, have shown 
negligible steel corrosion within 40 years, and in one case for as long as 
66 years. On the other hand, most of the corrosion of armor wires which 
has been observed has occurred in cable from which a major part, or all, 
of the outer jute has been lost. . 


TasBLE XIV — LocaTIons AND DEPTHS FROM WHICH SUBMARINE 
CABLE SAMPLES HAVE BEEN OBTAINED FOR 


LABORATORY EXAMINATION 























BTL No. Location Depth 
Latitude Longitude Fathoms 
110 -approx. 81° 30’ 00”N 24° 30’ 00”W 5 approx. 
111 approx. 81° 30’ 00”N 24° 30’ 00”W 5 approx. 
112 approx. 81° 30’ 00”N 24° 30’ 00”W 5 approx. 
113 approx. 81° 30’ 00”N 24° 30’ 00”W 5 approx. 
114 approx. 81° 30’ 00”N 24° 30’ 00”W 5 approx. 
135a 23° 45’ 00”N 81° 57’ 30”W 830 
136 Several miles south of Long Island, N. Y. 
Exact location unknown. 90 
137 40° 13’ 40”N 71° 07’ 25”W 90 
163 48° 36’ 06”N 36° 23’ 36”W 2460 
164 51° 53’ 42”N 10° 37’ 18”W 54 
165 51° 40’ 42”N 13° 02’ 12”W 630 
166 51° 55’ 21”"N 11° 58’ 18”W 387 
167 47° 52’ 24"N 38° 23’ 12”W 2460 
168 47° 22’ 06”N 42° 14’ 12”W 2175 
169 36° 41’ 46”N 25° 38’ 09” W 1180 
195 45° 28’ 21”N 60° 20’ 24”W 106 
196 46° 41’ 36’N 56° 18’ 18”W 37 
197 47° 00’ 32”N 56° 51’ 40”W 100 
200 44° 25’ 40”N 63° 25’ 15”W 46 
212 45° 08’ 38”N 54° 33’ 06”W 82 
281 43° 38’ 10’N 55° 07’ 00” W 2090 
282 39° 17’ 24"N 70° 12’ 15”W 1450 
283 53° 57’ 00”N 165° 50’ 00”W Unknown 
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Fig. 15 — Corrosion pockets in galvanized steel armor wires of submarine cable 
after 12 years of service. 


Of special interest is a particular type of corrosion which has occurred 
in two separate cable samples — one from Alaskan waters, the other 
from off the southern coast of Newfoundland. In one case the age of the 
cable was 12 years, and in the other 36 years. The Alaskan sample was 
located in an area characterized by water velocities of 5 to 9 knots. In 
both instances, the outer jute and most of the flooding compound was 
gone. Corrosion, instead of starting and progressing on the outer sur- 
face of the wires, had started, and been confined largely to the sides of 
the wires. Usually there are corresponding areas of corrosion on two 
adjacent wires to form “corrosion pockets.’”’ These pockets are illustrated 
in Fig. 15. In the case of the 12 year old cable, corrosion caused failure 
of the armor wires. In the case of the cable which was in service 36 years, 
failure was reported to have occurred from chaffing on a rocky bottom. 
Close examination suggests that failure may more reasonably be at- 
tributed to severe corrosion of the type just described. The exact cause 
of the corrosion pattern is still to be determined. 

Sufficient samples have not been examined as yet to form a coordi- 
nated picture with respect to the inner jute. In the case of cable samples 
from the North Atlantic, the inner jute bedding was in good condition 
in cables which had been in service for as long as 30 or 40 years. Samples 
more than 40 years old showed the effect of deterioration. Although only 
a limited number of samples have been examined from the Caribbean, 
most of them from water about 50 feet deep, jute and cotton tape com- 
ponents were in poor condition in certain spots. It was evident that 
microbiological deterioration of the jute had occurred. In no case has 
there been any evidence of deterioration of the insulation of the central 
conductor of any of the cable samples. In the case of the older cable 
samples the insulation was gutta percha, but in the most recent samples 
it has been polyethylene. 
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VII. SUMMARY 


A progress report has been presented on the results of a test program 
designed to determine the relative resistance of materials to marine bio- 
logical attack. Specific test results have been reported wherever possible, 
predominantly from the laboratory test procedures. In the case of the 
natural exposure tests, which are intended to provide correlative data 
for the laboratory program over longer periods of time, the information 
which has been assembled thus far is of a more general nature. There 
follows a summary of the more important information which has been 
obtained: 

1. In the biochemical oxygen demand-type test it has been found that 
polyethylene is not utilized by the aerobic bacteria or the anaerobic 
sulfate-reducing bacteria. Polyvinyl chloride plastics are attacked ac- 
cording to the way in which they are plasticized. All of thesamples tested 
which had an added external plasticizer, including the rigid plastic, were 
attacked to some degree. In the latter case the attack was apparently 
due to lubricants. The semi-flexible polyvinyl chloride copolymers, and 
the polyvinyl! chloride resin alone, were not utilized by the bacteria. The 
five elastomers assayed were all attacked by aerobic bacteria, neo- 
prene being the most resistant. The epoxide casting resin did not 
serve as a source of carbon for the organisms, but further testing is re- 
quired with a polyester casting resin. 

2. Coiled conductors insulated in one case with a rigid polyvinyl 
chloride, and in the other with GR-S, have been exposed half in sea 
water and half in marine sediment in the laboratory for thirteen months. 
Capacitance measurements show that a considerable change has oc- 
curred in the GR-S insulation apparently as a result of bacterial attack. 
Although there has been a slight rise in the capacitance values for the 
polyvinyl chloride-insulated conductors during the last five months, 
further observations are necessary before attack can be considered defi- 
nite. 

3. In three years of actual marine exposure of plastics, elastomers and 
pasting resins, there have been definite penetrations by marine borers of 
only three materials — a test rod of silicone rubber, a 0.0035-inch film 
of polymonochlor-trifluoroethylene wrapped on a Lucite rod, and on 
Lucite rods themselves. The first two cases represent single instances of 
penetration — both by pholads. The Lucite rods were penetrated at 
many places by pholads as a result of the organisms getting started in 
an asphalt-impregnated jute wrapping and then progressing into the 
Lucite. 

Secondary cellulose acetate yarn and tow have been deteriorated 
badly, apparently by bacteria, in as short a time as six months. 
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Natural fibers, notably jute, have been degraded extensively by borers 
and microorganisms. There is considerable evidence of fungus attack. 

Under fouling and in the sediment area, rods of polyvinyl chloride 
plastics containing basic lead stabilizers have been blackened as the re- 
sult of hydrogen sulfide produced by sulfate-reducing bacteria reacting 

with the lead salts to give black lead sulfide. This sulfiding has caused 
no apparent degradation of the physical properties of the plastics. 

4, The examination of cable samples from service has indicated that 
the impregnated outer jute serves an important function in limiting cor- 
rosion of armor wires. Generally, when corrosion is present the outer jute 
has been lost. 

Two unusual cases of extensive corrosion have been reported — one 
in a cable 12 years old, the other in a cable which was in service 36 years. 
In both cases, corrosion occurred in pockets between adjacent armor 
wires rather than on the outside surfaces (water side) of the wires. 

The performance of the inner jute in samples from service has been 
generally good for as long as 30 or 40 years in deep water. In samples 
from relatively shallow water in the Caribbean, inner jute bedding was 
badly deteriorated in as short a time as five years. 
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Dynamics and Kinematics of the Laying 
and Recovery of Submarine Cable 


By E. E. ZAJAC 
(Manuscript received June 5, 1957) 


This paper is an attempt to formulate a comprehensive theory with which 
the forces and motions of a submarine cable can be determined in typical 
laying and recovery situations. In addition to the fundamental case of a 
cable being laid or recovered with a ship satling‘on a perfectly calm sea over 
a horizontal bottom, the effects of ship motion, varying bottom depth, ocean 
cross currents, and the problem of cable laying control are considered. Most 
of the results reduce to simple formulas and graphs. Their appiecanon 18 
illustrated by examples. 


TABLE OF CONTENTS 


Page 

PE TREE GG UGTIOR pnts 50 5a eet tae dat we eee a er cata ardor ed Wie Saihg 1132 

i: Basie: ASSUMIp TONS. Kos Oo ck anes moe ied ead haha et na Kaa eae 11383 

III. Two-Dimensional Stationary Model........................ 00.2 ee eee 1134 

Bal GOMER AL tcc 2 sid melala- ew oauey hie eh. dehinyl wae mee NS, eae educate eh oka 1134 

3.2 Normal Drag Force and the Cable Angle @..................00055 1185 

3.3 Tangential Drag Force. ...........0..0 000. ees 1139 

3.4 Sinking Velocities and Their Relationship to Drag Forces........ 1141 

3.5 General Solution of the Stationary Two-Dimensional Model...... 1143 

3.6 Approximate Solution for Cable Laying.......................0.. 1146 

3.7 Approximate Solution for Cable Recovery... ................0005- 1149 

3.8 Shea’s Alternative Recovery Procedure. .................-..0005. 1153 

IV. Effects of Ship Motions. ............. 0... 1154 

4.1 Tensions Caused by Ship Motions..................0..0. 000 eee 1154 

V. Deviations from a Horizontal Bottom......................0..- 000 ee 1158 

5.1 Kinematics of Laying Over a Bottom of Varying Depth.......... 1158 
5.2 Time-Wise Variation of the Mean Tension in Laying Over a Bottom 

or Varying Depths i. 44405 sea te horace eka Sade Tene yes 1161 

5.2: Residual Suspensions .n<on ck calc) uehaiesavaweles Reaae wees ate 1163 

VI. Cable Laying Control............0.00 0000 ce eee eeeae 1165 

Gel General sic) ic 5 sche oe Sca See Fee tien ape se weak eee eee Dabeieh oe BOS eG Dae ee 1165 

6.2 Accuracy of the Piano Wire Technique. ....................-.... 1166 

VII. Three-Dimensional Stationary Model..................0.2.0 00 eee ee 1169 

Es GOI OTA i, 2 ete sg Sh aes py ie NOE eR ae De Bs Reet a hee Mite eecatanle A 1169 

7.2 Perturbation Solution for a Uniform Cross-Current.............. 1172 
Appendix A. Discussion of the Two-Dimensional Stationary Configuration 

for Dero: Bottom. Lens 2) ceed Gs chess ade de deuce beciarpesos sears 1175 
Appendix B. Computation of the Transverse Drag Coefficient and the Hydro- 

dynamic Constant of a Smooth Cable from Published Data............ 1177 


1129 


1130 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957 


Appendix C. Some Approximate Solutions for Laying and Recovery........ 1180 
Cb Tayi eos ist aphids oss beets a ib ea aad an be Gaeta sata 2 1180 
C.2 Recoverys ss vac cehG iho t ated ad kt hone oA Aas AAs dea eat ae as 1188 

Appendix D. Analysis of the Effect of Ship Motion........................ 1184 
D.1 Formulation of the Differential Equations........................ 1184 
D.2 Perturbation Equations. ........ 00.0.0. ccc ec eeeeen ee ees 1187 - 
D.3 Solution of the Perturbation Mquations........................04. 1189 
D.4 Transverse Response............ 000. c cece cence tne eeees 1190 
D.5 Second-Order Longitudinal Response........................2005- 1191 
D.6 Numerical Results... 20.00.0000. ttn tee nee 1194 

Appendix E. Tension Rise with Time for Suspended Cable................. , 1195 
Ii.1 Formulation of the Solution of the Problem...................... 1195 
E.2 Nomograph for the Solution of Equation (99)..................... 1198 
Ho MUMeriGal Xam G jia2 oa ot el ee ee bee eds Se Da wae 1199 

Appendix F. The Three Dimenccnnl Stationary Model.................... 1202 
F.1 Derivation of the Differential IXquations........................ 1202 
F.2 Perturbation Solution for a Uniform Cross Current................ 1204 

AEKHOWICUZINGHTG: ccc nid oan ede nd ooua ig MNS ade Slama ees eee h ee 1206 

NRELEREN GOS 2: vccc dees ee apscke Bloceta i btsiaed doen hoes tata ley BRAS ta ak MB RAE re Se 1206 


GLOSSARY OF SYMBOLS 


A Amplitude of harmonic ship motion 

C1, C2, Longitudinal wave velocity; trans- 
verse wave velocity in air and water 

Cp, Cy Transverse and tangential drag co- 
efficients 

d Cable diameter, also distance be- 


hind the ship at which the cable 
enters the lower stratum 


Dy , Dr Normal and tangential unit drag 
forees 
€ Sidewise distance from the laid cable 


to the ship 


EA Extensile rigidity 

h Ocean depth 

= le Dimensionless ocean depth 

EA 

H Hydrodynamic constant 

L Inclined cable length from surface to 
bottom, also from ship to surface 

Nr Reynolds number 

Pp, Y . Longitudinal and transverse devia- 
tional cable displacements 

Po, Qs Longitudinal and transverse ship 


displacements 
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>| te 
<j 
>| > 


=| N 


Vy,Vr 


+ 2 
2— sin a 
a4 sin? a 


k, 
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Deviation from mean pay-out or 
haul-in rate 


Are length and horizontal distance 
from the touchdown point to the ship 
Dimensionless forms of S and X 
Time 

Dimensionless time 


Cable tension at an arbitrary point, 
at the ship, and at the bottom 


Dimensionless forms of 7’, 7, and 7 
Cable tension due to longitudinal and 
transverse ship motion 


Ship speed, pay-out or haul-in rate 


Normal and tangential velocity of the 
water relative to the cable configura- 
tion 

Tangential velocity of the water rela- 
tive to a cable element 


Submerged and in-air unit cable 
weight 


Critical angle, approximate critical 
angle 


Cable angle at the surface 
Descent angle, cross current orienta- 
tion (Section 7.1) 


Constant, also ascent angle 


Slack 
Orientation of a cable element 


Spherical polar coordinates for the 
three-dimensional model 


Constants (see Appendix C) 
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_ CopdV’ _ cosa 





A Ga ee Constant 

My v Constants 

y Kinematic viscosity 

&n,¢ Rectangular coordinates for the three- 
dimensional model 

p Mass density of water 

Pe Pw Mass per unit length of cable in air 
and water 

ro) Deviation from the stationary angle, 


also angle between & axis and V 
(Section 7.1) 


I. INTRODUCTION 


In the summer of 1857, the first attempted laying of a transatlantic 
cable ended dismally when, after only a few hundred miles had been 
laid, the cable broke and fell into the sea. Although fouling of the pay- 
out gear caused by a negligent workman was the principal suspected 
reasons for the failure, its occurrence aroused great interest in the de- 
tailed dynamics and kinematics of the laying of submarine cable, and 
leading British scientists such as Kelvin and Airy published analyses of 
this problem in late 1857 and early 1858.1) 2) 3.4: 

However, after this initial activity, interest in submarine cable dy- 
namics and kinematics evidently waned for there appear only sporadic 
subsequent investigations in the literature.*» 7» 8 9% 1 Further, the re- 
sults of the early and subsequent analytical investigations have been, 
by and large, little utilized in cable laying and recovery practice. One 
can conjecture several reasons for this. For one, because the early ana- 
lytical work was done before the advent of modern hydrodynamic theory, 
it did not rest on:a secure base. Thus, as late as 1875, one finds vigorous 
debate over the nature of the tangential resistance of water to the cable.® 
Yor another, the results of the analyses could not all be expressed in 
terms of elementary functions and required the numerical evaluation of 
some definite integrals. In the 1850’s this was a tedious and laborious 
process. However, these are probably secondary reasons. Tor, after 
another failure in the early summer of 1858, a transatlantic cable was 
successfully laid in August of that year. The mechanical problem of de- 
positing a cable was thus proved surmountable without complicated 
mathematical analyses, and the marriage of analysis and practice was 
never fully realized. 
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However, a present-day submerged-repeater transoceanic cable is a 
delicate and expensive transmission system. Reducing the amount of 
cable deposited by as little as one per cent can result in a substantial 
saving in the first cost of such a system. Its repair is a costly operation 
requiring the sustenance of an ocean ship and its crew. Therefore, it is 
important to lay the cable without wasteful excess and with minimum 
chances for failure after laying. Further, it is important that repair, if 
necessary, be as efficient as possible. To accomplish these things, an un- 
derstanding of the dynamics and kinematics of cable laying and recovery 
is essential. 

The purpose of this paper is to provide some of this understanding in 
as straightforward a way as possible. To this end concepts and results 
are stressed in the main part of the paper, mathematical details being 
given in the appendices. Moreover, we hope to show that the results of 
the analysis can provide a numerical basis for decision making in many 
of the laying and recovery operations. Most of these results can ke ex- 
pressed in the form of simple formulas and graphs. Several numerical 
examples are included to illustrate concretely how the results can be 
applied in practice. 

The general plan of the paper is to proceed from simple to more re- 
fined models of the laying and recovery processes. Thus, we discuss first 
what we have called the two-dimensional stationary model. This model is 
appropriate for laying and recovery on or from a perfectly flat bottom 
while sailing on a perfectly still sea. As a preliminary to this discussion, 
we consider in some detail the hydrodynamic behavior of typical deep 
sea submarine cable. We then take up the effects of the ship motions 
which are induced by wave action and the effects of a bottom of varying 
depth. These considerations are followed by a short discussion of the 
problem of controlling the cable pay-out properly during laying and the 
associated problem of the accuracy of the present taut wire method of 
determining ship speed. Finally, we consider the three-dimensional sta- 
tionary model and the effects of ocean cross currents. 


II. BASIC ASSUMPTIONS 


Our analyses, like most analyses of physical problems, are based on 
idealizations or mathematical models of the actual physical system. The 
extent of validity of these models must be ultimately determined by ex- 
periment and experience. However we shall try to give the reader an 
idea of when they are clearly applicable and when they are not. 

All of the models we consider contain two basic idealizations, namely, 

(1) No bending stiffness in cable, 1e., it is a perfectly flexible string, 

(2) The average forward speed of the ship is constant. 
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Bending effects are caused by locally large curvatures, and are significant 
mainly where the cable leaves the pay-out sheaves and at the ocean 
bottom. However, for a cable with a steel strength member, bending 
even to the small radius of the pay-out sheave typically does not ma- 
terially reduce the tension required to break the cable. Hence, in these 
cases we can expect an analysis based on the first idealization to give a 
reasonable idea of when cable rupture will occur. In laying, ship speeds 
are normally steady and, with the exception of the fluctuations caused 
by wave action which we consider later in the paper, the second idealiza- 
tion is reasonable also. In recovery, on the other hand, ship speeds are 
apt not to be steady, and the second idealization is more tenuous. But 
because of the very slow speeds usually employed, this idealization may 
in fact be meaningful in recovery as well. 


III. TWO-DIMENSIONAL STATIONARY MODEL 
3.1 General 


Assume that the cable ship is sailing at a constant horizontal velocity, 
that the cable pay-out or haul-in rate is constant, and that the drag of 
the water on the cable depends only on the relative velocity between 
the water and the cable. Further, assume that in a frame of reference 
translating with the ship the cable configuration is time-independent 
or stationary. This idealized model of the cable laying or recovery pro- 
cess we call the two-dimensional stationary model. 

This is the model which has been considered in the previous analytical 
studies.“ As the early investigators quickly pointed out, when the 
tension at the bottom of the cable is zero, the cable, according to this 
model, can lie in a straight line from ship to ocean bottom. During lay- 
ing, when slack is normally paid out, the zero tension condition actually 
occurs, and hence this case is of considerable practical importance. 

The straight line can in fact be shown to be the only solution which 
can satisfy all the observed boundary conditions. This point is discussed 
in detail in Appendix A. That the straight line is a possible configuration 
can be seen from I'ig. 1. In the vector diagram the velocity of the water 
with respect to the cable is resolved into a component Vy normal to the 
cable and a component V7 tangential to it. Associated with Vy and Vr 
are normal and tangential water resistance or drag forces Dy and Dr. 
In the straight line configuration, the cable inclination is such that Dy 
just balances the normal component of the cable weight forces. The 
situation is thus analogous to that of a chain sliding on an inclined plane, 
with the forces Dy corresponding to the normal reaction forces of the 
plane. Summing forces in the normal direction, we get, therefore, 
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wecosa = Dy, (1) 


while the summation in the tangential direction gives for 7’, , the ten- 
sion at the ship, 


T, = wh sina — Dol. (2) 


Here w is the weight per unit length of immersed cable, a is the cable’s 
angle of incidence, Dy and Dy are the normal and tangential drag forces 
per unit length respectively, and Z is the inclined length of the cable. 
Tor most submarine cable used currently the force Dr is negligible 
and we arrive at 


T, ~ wl sina = wh, (3) 


where h is the ocean depth at the cable touchdown point. Hence, during 
slack laying the cable tension at the ship is very nearly equal to the 
weight in water of a length of cable equal to the ocean depth. 





Fig. 1 — Forces acting on a cable in normal laying. 


The straight-line solution is the simplest and probably the most im- 
portant result to be obtained from the stationary two-dimensional model. 
We shall derive results for other important situations from this model 
also. As a preliminary, we study first, however, the nature of the normal 
and tangential drag forces Dy and Dr. 


3.2 Normal Drag Force and the Cable Angle a 


The resistance at sufficiently slow speeds to the flow of a fluid around 
an immersed body varies as the square of the fluid velocity. This relation- 
ship is usually written as* 


pVw d 
5 (4) 


* For towed stranded wire experimental verification of this relationship is 
reported in Reference 11. 


Dy = Co 
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Fig. 2 — Iixperimental and theoretical variation of critical angle with towing 
velocity for cable No. 1. 


where Dy is the normal drag force per unit length, C'p is the so-called 
drag coefficient, p is the mass density of the fluid, and d is the diameter 
of the cable. For the straight-line configuration, the vector diagram in 
Fig. 1 shows that 


Vy = Vsina. (5) 
Substitution of (5) and (4) into (1) yields in turn 
2 
wcosa = Cone sin’ a. (6) 


Equation (6) suggests how the value of the drag coefficient Cp can be 
obtained experimentally. By towing a length of cable in water at a con- 
stant velocity, one can establish the straight-line configuration. The 
angle a can then be measured as a function of velocity, from which Cp 
can be computed by (6). 

Figs. 2 and 3 show the results of such tests together with plots of (6) 
for the indicated values of Cp . These results are taken from an analysis 
by A. G. Norem of experimental data obtained by H. N. Upthegrove, 
J. J. Gilbert, and P. A. Yeisley. The properties of these cables are listed 
in Table I.* To eliminate end effects different lengths of cable were towed, 


* Cable No. 2 is very similar to present type D transatlantic telephone cable. 
For engineering calculations, type D can be considered the same as cable No. 2. 
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TABLE I] — Properties oF CABLES No. 1 Anp No. 2 

















Cable No. 1 No. 2 
Diameter (inches)................. 0.75 1.25 
Wt. in water (Ibs/ft.).............. 0.243 0.705 
Outer covering. ...............0... Polyethylene Tar impregnated jute 
Surface condition.................. Smooth Rough 
EA (twist restrained).............. — 4 X 10° lbs 
EA (twist unrestrained)........... — 1.2 X 10° Ibs 





as is indicated by the plotted experimental points. It is seen that (6) 
gives a good fit to the experimental data over the entire velocity range. 
If the cable has a smooth exterior, an estimate of the drag coefficient 
Cp can be computed from published values of resistance to flow about 
an immersed cylinder. This computation is described in Appendix B, 
where we have also tabulated computed values of Cp. For the smooth 
cable No. 1, the value of Cp obtained from Appendix B is 1.00 which is 
in fair agreement with the experimentally determined value of 1.11. 
Although the drag coefficient Cp is a fundamental hydrodynamic para- 
meter, it is not the most convenient description of the effect of the nor- 
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Fig. 3 — Experimental and theoretical variation of critical angle with towing 
velocity for cable No. 2. 
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mal component of water velocity. For small values of the incidence 
angle a 


cosa & 1, 


sina & a, 


2w \'? 
ov = (aha) ue 


where ap is the approximate value of a. The quantity (2w/C ppd) is a 
constant for a given cable. It brings together all the cable parameters 
which influence the magnitude of the incidence angle a. If the angle a 
for a given speed is determined accurately, as can be done in a towing 
test or with a sextant during over-the-stern laying, this quantity is easily 
computed. Because of its importance, we shall call it the hydrodynamic 
constant of the cable and denote it by H, namely, 


2w \'? 
a= (225). 2) 


By virtue of (7) and (8) we may write 


and (6) is approximately 


ayV = H. (9) 


The constant H rather than the drag coefficient C’p will be used from this 
point on. 

When the approximate relationship (9) is not valid, a can be obtained 
by solving (6). This gives 


cosa = 4/1 + ; (7) — (2), (10) 


where V is in knots and Z in radian-knots. In terms of ap we obtain in 
turn 


coSa = 4/1 + ja! — 5 (11) 


This relationship is shown in Fig. 4, where the incidence angle a is plotted 
as a function of the approximate incidence angle ap. It is seen that for 
a < 20° the difference between ay and a is negligible. 

Physically a as given by (10) is the angle the cable assumes in the 
straight-line shape for the velocity V. However, in addition, (10) shows 
that @ can be thought of as a dimensionless parameter which embodies 
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Fig. 4 — Variation of a with ap. 


both the hydrodynamic properties of the cable and the ship speed. Thus, 
even when the configuration is not a straight line, we shall find it con- 
venient to express results as a function of the single parameter a, rather 
than as a function of the two parameters H and V. For this reason, 
following Pode,” we call a the critical angle. 


3.3 Tangential Drag Force 


Over the range of velocities encountered in laying and recovery the 
drag coefficient C'p in equation (6) is essentially constant. However, the 
corresponding coefficient for the skin friction force associated with V7, 
the component of flow along the cable, is not constant. For the cable of 
smooth exterior (cable No. 1), the expression 


Dr = CyipV rr d, (12) 


with C; = 0.055/(Nz)’™", was found to give good agreement with the 
experimental data, as is shown by Fig. 5. Here Dz is the skin friction or 
tangential drag force per unit length; V; is the relative velocity of the 
water with respect to a cable element given for straight-line laying by 


V,= V. — V cosa, (13) 


where V, is the cable pay-out rate; p is the mass density of water; and 
Ne is the Reynolds number defined as Nx = V; L/v, where v is the kine- 
matic viscosity of water. The data of Fig. 5 are for 100 foot lengths of 
cable towed in fresh water at a temperature of 60°F. 
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From (12) we find 


0.14 1.86 
ae oe rd. (14) 
This expression indicates that Dz for smooth cable depends on the in- 
clined length of the cable as well as the relative tangential velocity V; . 
The form of (13) suggests that the flow tangential to a smooth cable is 
similar to flow past a smooth plate. In such flow a turbulant boundary 
‘layer develops which grows in thickness with distance from the leading 
edge, resulting in a length dependence of the type shown by (14). Since 
Fig. 5 refers to 100 foot cable lengths, (13) is probably not accurate for 
the magnitudes of Z occurring in deep-sea laying, and should be used 
only to obtain the order of magnitude of C;. 
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Fig. 5 — Experimental values of the tangential drag force for cable No. 1 
compared with those obtained by equation (12). 


For the cable with conventional jute outer covering, (cable No. 2), 
it was found that 


Dr = 0.01 V?* (15) 


fits the experimental data obtained by towing test (Fig. 6). Whereas in 
(15) the constant 0.055 is dimensionless, the constant 0.01 in this equa- 
tion has the dimensions necessary to give Dr in units of pounds per foot 
when V; is in feet per second. We note that for this cable Dr is inde- 
pendent of the length of the cable. 
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Fig. 6 — Experimental values of the tangential drag force for cable No. 2 
compared with those obtained by equation (15). 


The ratio of Dr to the tangential component of the cable weight force 
is given by D,/w sin a. Equations (14) and (15) indicate that even for 
small values of a of the order of twelve degrees, D7/w sin a is of the order 
of 6 per cent for relative tangential velocities V; of 1.0 feet/sec. In many 
situations V; will be less than this value, and we can neglect Dr compared 
to w sin a. As we shall see later, this approximation greatly simplifies 
the differential equations of the two-dimensional stationary model. 

Historically, the question of the variation of Dz with V; is of some 
interest. In one of the early papers of 1858 Longridge and Brooks’ as- 
sumed a velocity squared dependence. In 1875, W. Siemens’ attacked 
this assumption stating that Dr actually varied linearly with V;. There 
ensued a debate in which many bitter words but few experimental data 
were displayed.’ In view of our present knowledge that the skin friction 
force, even in the simplest case of flow past a smooth plate, is the result 
of complicated boundary layer phenomenon, the existence of this con- 
fusion is not surprising. 


3.4 Sinking Velocities and Their Relationship to Drag Forces 


The studies of submarine cable forces in 1857 and 1858 preceded 
modern fluid mechanics by many years. To characterize the hydrody- 
namic forces acting on cable the early investigators used sinking or 
seltling velocities rather than the more recently conceived drag coeffici- 
ents. The transverse sinking velocity u,; was defined as the terminal ve- 
locity attained by a straight, horizontal length of cable sinking in water. 
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Similarly, the longitudinal sinking velocity v, was the terminal velocity 
of a cable length sinking with its axis constrained to be vertical. If for 
a given cable the drag forces are functions only of velocity, the pa- 
rameters w, u,, and v,, together with the laws of variation of the drag 
forces with velocity, completely define the hydrodynamic behavior of 
the cable. Since sinking velocities are still used in submarine cable tech- 
nology, it is of interest to relate them to the more modern drag coeffici- 
ent viewpoint. 

In the case of transverse or normal flow around the cable, the variation 
of Dy with the square of the relative transverse velocity gives (Vy/us)” = 
Dy/w, since at a transverse velocity equal to the sinking velocity the 
unit transverse drag force is w. Substituting for Dy from (4) we find 


2w \} 
Us = e ) =H. (16) 


Thus, the transverse sinking velocity u; is identical with the hydrody- 
namic consant H. We can therefore alternatively write the approximate 
relationship (9) as 





aV = us, (17) 


where ap is in radians and u, and V are in knots. 

For the tangential or skin friction flow along smooth cable, the sinking 
velocity concept is inadequate because the unit tangential drag force 
Dr varies with length as well as with the relative tangential velocity 
V,. However, for cable with the conventional jute exterior (cable No. 
2), we have (V;/vs)"* = Dr/w and from (15) the vertical sinking velocity 
v, is vs = (46.1w)"", where v, is in knots. 

We note in passing that the cable does not, as is sometimes supposed, 
sink vertically to the bottom at the transverse sinking velocity u, . 
Actually, the term “‘vertical cable sinking rate” is ambiguous. There are 
in fact two vertical sinking rates which may be important. Although 
both these rates are normally approximately equal to u, neither is identi- 
cal to it. 

Relative to the earth, the resultant velocity Ve of a cable element has 
two components: a horizontal component of the magnitude of the ship 
velocity, and a component inclined at the angle a of the magnitude of 
the cable pay-out rate V,. These are shown in Fig. 7. The component 
Veer: Of Ve, given by Veet = Ve sin a, is the rate at which a cable 
element sinks vertically. For a laying depth h, the time 7 it takes for a 
cable element to sink to bottom is therefore 7 = h/V. sin a. This time 
would, for example, tell one how long it takes a lightweight repeater, 
integral with the cable, to reach the ocean bottom. 
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Fig. 7 — Illustration of vertical cable sinking rates. 


On the other hand, consider the intersection of the cable configuration 
with a vertical line (Fig. 7). In the time ¢, as the ship sails a distance 
Vt, the intersection moves from A to A’, a distance V¢ tan a. Hence the 
cable configuration in this sense sinks vertically at the rate V tan a, 
and the time @ for the configuration to reach bottom in a depth h is 
6 = h/V tan a. One may be interested in how long it takes after the ship 
has passed over an ocean bottom anomaly P’ (lig. 7) for the cable con- 
figuration to reach the anomaly. This is just the time 8. 

Hence, the vertical sinking rates V, sin a and V tan a can both be of 
interest. At the usual ship speeds, sin a Y tana Ya LY u./V. Further 
V. normally differs little from V. Hence, both these rates are indeed 
normally approximately equal to u; . 


3.5 General Solution of the Stationary Two-Dimensional Model 


Assume that each cable element is traveling along the stationary cable 
configuration with the constant speed V. . Starting at the ocean bottom 
let s be the arc length along the stationary configuration. We define s to 
be positive in the direction opposite to the direction of travel of the cable 
elements. So, as Fig. 8 indicates, in laying, positive s is directed from the 
ocean bottom toward the ship, while in recovery the situation is reversed. 
We let 6 be the angle between the positive s direction and the direction 
of the ship velocity. 


Vv Vv 





RECOVERY 


Fig. 8 — Definition of coordinates for the two-dimensional stationary model. 
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Tig. 9 shows the forces acting on an element of the cable, with tension 
at the point s being denoted by 7. The normal drag force per unit length 
Dy may, by virtue of (4) and (5), be written in the form 

2 
Dy = cee 4 sing | sin 6 |. 
It is necessary to introduce here | sin 6 | in order for Dy to have the proper 
sign for all 6. We note, however, that if V. 2 V, we have from (13) 


V,=V.— Vcosé@ = 0. 


Hence in normal laying and recovery the unit tangential drag force 
Dr is always in the positive s direction. 





wAs 


Fig. 9 — Diagram of forces acting on a cable element. 


The forces acting on an element produce a centrifugal acceleration 
V.d6/ds. Hence, summing forces along the directions ¢ (tangential) and 
n (normal), dividing by As and sending As to zero, we obtain | 





2 
(T — pV") B+ eer Gab Bind = aOR). 
- (18) 
Gg 1 Dr ~ wsing = 0, (b) 


where p, is the mass density per unit length of cable. 

It is seen at the outset that 6 = a is a solution of (18a). It is in fact 
the important straight-line solution which has been discussed in Sec- 
tion 3.1. 

If 6 # a and Dr, varies only with V; we may divide (18b) into (18a) 
and integrate to obtain the solution for 7’ in the following form: 





(pe) = 1" (w sin & — Dy) 
m (To — peVi?) I, w(cos € — Asin € | sin €]) ae, 8) (19) 
= Cop dV” _ cos a ; (b) 





2Qw sin? a’ 


9 
where 7’) is the tension corresponding to the angle 6 . 
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At the cable touchdown point on the ocean bottom only two conditions 
are possible. If theangle @ isnot zero or 7 there, the cable tension 7’ must 
be zero. Otherwise a finite tension would act on an infinitesimal length 
of cable, producing an infinite acceleration. Hence, either the tension 7 
must be zero or the angle @ must be zero or z. The first case normally 
implies a straight-line configuration (see Appendix A), which has al- 
ready been discussed. In other cases, we define 7) as the tension at the 
touchdown point, and we let 6) be zero or 7, whichever is appropriate. 

If x, y are coordinates in the translating (a, y) frame of a point along 
the cable configuration, then 


dx = ds cos 8, 
dy = ds sin 6. 


Combining these relations with (18a), we have 





’ 2 
= ee = peVe) 
= i w(cos € — A sin & | sin & |) dé, (a) 
8 2 
= (T — pV.) cos & 
7 js w(cosE — Asm lane) (b) (20) 


6 = 2) 
i (T Oia) sin & dé. (c) 


» w(cos € — Asin é | sin € |) 


Equations (19) and (20) are an integral representation of the complete 
solution of the basic two-dimensional model. In general, the integrals 
appearing in these equations cannot be evaluated in terms of elementary 
functions, and the solution must be obtained by numerical integration. 
For towing problems where the pay-out velocity is zero, Pode” has tabu- 
lated these numerical integrations using the approximation that D; has 
certain constant values. However, in towing problems the direction of 
Dr is opposite to what it is in normal laying and recovery problems. Be- 
cause small magnitudes of Dr were used, these tables nevertheless usually 
give adequate results in laying and recovery situations as well. At the 
same time, for submarine cable problems, other approximations allow 
more convenient ways of evaluating the integrals of (19) and (20). 

For example, it is more accurate simply to assume that Dr is zero. As 
we indicated in Section 3.2, this approximation gives a negligible devia- 
tion from the exact solution if the relative tangential velocity V;is small. 
Furthermore, in this situation we obtain from (18b) 

dT dy 


Ly Sho =a 
ds ds’ 
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and hence the tension at the ship 7’, is very nearly 
T. = Ty + wh, (21) 


where h is the depth at the touchdown point. Thus, if the tangential drag 
force is negligible, the tension at the ship is essentially the bottom ten- 
sion plus wh, regardless of the nature of the normal drag forces. This is 
in fact a form of a well-known theorem which, as we shall see in Section 
7.1, applies in the three-dimensional case as well 

In the next sections we make further aioli bedtions of the general 
solution for the specific cases of laying and recovery. 


3.6 Approximate Solution for Cable Laying 

On long cable lays ship speeds are normally of the order of 4-8 knots, 
with accompanying values of the critical angle a of the order of 10°-30°. 
For these small values of a, the assumption of zero tangential drag to- 
gether with some mathematical approximations allow further simplifi- 
cations of the general solution. These simplifications are derived in de- 
tail in Appendix C; here we indicate the results. The angle 6 which the 
configuration makes with horizontal is closely given by 


_ Rm -\1Y 1/2 
Cera tras Le / Oot OV 


2 *) 1 + (Po/(Po + py tant S|? (22) 


where % and 7 are dimensionless depth and bottom tension defined by 
g = y/h, 
Ty) = To/wh. 

Here we use the cable angle a in the sense of Section 3.2, namely, as a 


parameter characterizing the hydrodynamic cable properties and the 
ship speed. The constant y is in turn defined by 


22 (2 — sin’ a) 
sin? a 


(23) 


For small «, tan‘ (a/2) is negligible and y is large. Further 


gees 


Hence, the denominator in (22) is very nearly unity and @ approaches 
the critical angle a at small values of g, even for relatively large values 
of 7 of the order of three or four. Thus in the laying case, the cable 
configuration is very close to a straight line except for a short distance 
at the ocean bottom. 





0< ST; 
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In Appendix C it is further shown that for small @ 
Ss = L + KTo/w, 


(24) 
X = Leosa + ATo/w. 


Here S and X are the distance along the cable and the horizontal dis- 
tances respectively from the touchdown point to the ship (Tig. 11), 
Land L cos @ are the corresponding distances for straight-line laying at 
the same ship speed, and « and ) are functions of the critical angle a 
which are plotted in Fig. 10. To illustrate the use of (24) we consider the 
following. 

Example: Cable No. 2 is being laid without slack onto a rough bottom 
from a ship moving at six knots. If the pay-out rate is decreased so the 
slack is 1 per cent negative, what is the subsequent rise of the tension 
with time at the ship? 

This is really a transient problem. However, we shall try to get an idea 
of the average behavior of the cable by assuming it passes through a se- 
quence of stationary configurations. Also, we assume that because of 
the rough bottom there is no slippage of the cable along the ocean floor. 

If 6 is the amount of negative slack and V the ship speed, then in a 
time tan amount V(1 — 6)¢ of cable will have been paid out. This amount 
plus the inclined length Z will equal the amount contained in the curve 
AOC (Fig. 11). We then have 


L+Vdq — dt = S+ Vt — (X¥ — Locosa). (25) 


Substituting (24) into this equation and solving for 7) we find 7) = 
(w/(A — x))6Vt and that by (21) the tension at the ship is given by 


T, = wh + —"~ 6V1. 
A— kK 
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Fig. 10 — Variation of « and A with the critical angle. 
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Fig. 11 — Cable geometry at a time ¢ after the onset of negative slack. 


For cable No. 2 a ship speed of six knots corresponds to a = 11.7 de- 
grees. By Fig. 10, this corresponds to \ — «x = 1.4 X 10°. Also w = 
0.705 lbs/ft by Table I. We get therefore 


T, = wh + 3000 (*:) t 
min. 
Thus, according to this calculation the tension in this example rises at 
the extremely rapid rate of 3000 lbs/min. We note also that the rate of 
tension rise is here independent of the depth h. 

In the model which has been postulated, the cable is inextensible; that 
is, it is assumed not to stretch under load. Because the difference between 
the lengths of AOC and the sum of the linear segments AD and DC (Fig. 
11) is small, one might suspect that the effect of cable extensibility in 
the present example is important. We can account for this effect in a 
crude way by assuming that the curve AOC has an additional length cor- 
responding to the stretching caused by the load 7) acting over the length 
L. For a cable made of a single material, the stretching would be 7)L/EA, 
where E is the Young’s modulus of the material and A is the cross-sec- 
tional area of the cable. In analogy to this we denote the extensile rigidity 
of the cable by FA, using the bar to indicate that HA is actually a single 
number obtained directly by measuring the extension of a length of cable 
loaded in tension. With this notation (25) becomes 


ToL 
L+VQ— t+ = 8+ Vi— (X — Leos a), 


and repeating the previous computation we find 
Ww : 
Su ok 


HA sin a 





It is to be noted that in this computation, unlike the inextensible case, 
the rate of tension rise depends on the depth h. 
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For conventional helically armored cable, one cannot define a single 
extensile rigidity because of coupling between pulling and twisting. Thus, 
how such a cable extends under tension depends on how it is restrained 
from twisting at the ship and at the ocean bottom. Instead of trying to 
determine these end restraints, we consider the limiting cases of no re- 
straint and complete restraint to twisting. Data supplied by P. Yeisley 
indicate the values of HA for cable No. 2 in these conditions to be those 
given in Table I (Section 3.2). If we take h = 6,000 and 12,000 feet, we 
find with these values that 


h = 6000 feet: 
dip 


wh + 220 (lb/min)é (twist unrestrained), 
= wh + 640 (lb/min)é (twist restrained), 
h = 12,000 feet: 
T, = wh + 120 (lb/min)é (twist unrestrained), 
= wh + 360 (lb/min)¢ (twist restrained). 


Comparing with the inextensible computation, we see that the extensi- 
bility markedly reduces the rate of tension build-up. Nevertheless, even 
for the case of no restraint to twisting at a depth of 12,000 feet the rise 
rate is a relatively high 120 lb/min. Hence, at least over a rough bottom, 
the tension would quickly indicate the onset of negative slack, although 
the sensitivity of this indication would decrease with increasing depth. 


3.7 Approximate Solution for Cable Recovery 


Fig. 8 illustrates how cable is in present practice recovered from the 
ocean bottom. The cable is in front of the ship as it is brought in over the 
bow, and the ship pulls itself along the cable. In this process the cable 
tends to guide or lead the ship directly over its resting place on the ocean 
bottom. 

- It is clear that during recovery by this procedure the tension at the 
ocean bottom is not zero and the cable configuration is not a straight line. 
Furthermore, in this situation the normal component of the water drag 
force Dy pushes down on the cable instead of buoying it up as in the case 
of laying. This in turn implies a higher tension at the ship during re- 
covery than during laying. 

If the tangential drag is neglected, the tension at the ship 7’, during 
recovery is given in dimensionless form by (see Appendix C) 


T,—-1 uy 
ie ES 9p £08. & + cos a, | (26) 
T's 1 — COS @ COS @; 
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Fig. 12 — Variation of the tension factor for recovery with the critical angle a. 
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Fig. 13 — Variation of exact and approximate tension factors for recovery 
of cable No. 2. 
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where 7, is the tension factor defined by T, = T./wh and y is given by 
(23). Equation (26) is plotted in Fig. 12 in the form of 7’, versus a for 
various surface incidence angles a, (Fig. 8). It is seen that the recovery 
tensions are in fact considerably higher than the laying tension of approx- 
imately wh. 

To illustrate the smallness of the error of neglecting the tangential 
drag force in this computation, we have plotted the approximate and 
exact curves of 7’, versus ship velocity for cable No. 2 in Fig. 13. The 
dotted curves have been computed from (26), while the solid curves have 
been obtained by substituting D, from (15) into (19) of the general solu- 
tion and integrating numerically.* (The curve labeled Shea’s recovery 
method is discussed in the next section.) 

The distance along the cable S and the horizontal distance X from the 
touchdown point to the ship cannot be expressed in a simple form as in 
the case of laying. However, they can be obtained by numerical integra- 
tion from (20). The results of this computation for Dr = 0 are shown 
in Figs. 14 and 15. 

How Figs. 12, 14 and 15 can be used is illustrated in the following ex- 
ample. 


* The standard form of Simpson’s rule was used for all the numerical integra- 
tions mentioned in the paper. In each case the interval of integration was chosen 
fine enough to obtain at least three significant figure accuracy. 
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Fig. 14 — Variation of the horizontal distance to the touchdown point during 
recovery with the critical angle. 
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Fig. 15 — Variation of the distance along the cable to the touchdown point 
during recovery with the critical angle a. 


Example: A cable weighing 0.7 lb/ft in sea water and having a hydro- 
dynamic constant H of 70 degree-knots, is to be picked up from a depth 
of two thousand fathoms. If the ship speed is one knot what is the cable 
tension at the ship for surface angles a, of 40°, 60°, and 90°? How far in 
front of the ship and how far along the cable will the touchdown point 
be for these values of a, ? 

As indicated by (9), an H value of 70 degree-knots together with a ship 
velocity of one knot yields a = 70 degrees. Fig. 4 yields in turn a = 
60 degrees. Entering Jig. 12 with this value of a, we can obtain 7',/wh. 
In this example the wh tension for a depth of two thousand fathoms is 
8,400 lb, and hence the values of 7',/wh and 1’, are as follows: 


Qs T./wh {ie 

40° 4.85 40,700 lbs 
60° 2.58 21,700 lbs 
90° 1.53 12,900 lbs 


From Fig. 14 we get in turn for the horizontal distance from the ship to 
the touchdown point 


Qs X/h xX 
40° 2.65 5300 fathoms 
60° 1.56 3120 fathoms 


90° 0.66 1320 fathoms 
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Finally, from Fig. 15 we get for the distance along the cable to the touch- 
down point 


as S/h S 

40° 2.88 5760 fathoms 
60° 1.95 3900 fathoms 
90° 1.33 2660 fathoms 


3.8 Shea’s Alternative Recovery Procedure 


The high tensions which result in the usual recovery operation require 
slow ship speeds of the order of one knot or less if the cable is not to be 
broken. One wonders if it is possible to mitigate these tensions and thus 
speed the recovery process. J. IF’. Shea discovered that this can theo- 
retically be done by allowing a, to exceed 90°, thus establishing the 
straightline configuration (Fig. 16). As in laying, the normal drag forces 
in this scheme support the cable, rather than push down on it as in con- 
ventional recovery. However, in contrast to the laying situation we have 
V.= V. + V cos a. Thus V; is the sum of V, and V cos a instead of 
their difference and Dr is not necessarily negligible. Furthermore, the 
direction of Dz is now such as to increase rather than decrease the tension 
over the wh value. Hence, instead of (2), a summation of forces along the 
cable yields T, = wh + DrL, and the tension at the ship can be consid- 
erably higher than wh. A curve of 7’, as a function of ship speed for cable 
No. 2 is shown in Fig. 13 with the label ‘‘Shea’s recovery method’’. This 
has been computed for the case of haul-in speed equal to ship speed by 
means of the above equation and (15). It is seen that the tensions com- 
puted for this method of recovery, at least for the cable No. 2, are never- 
theless considerably smaller than those which occur in the usual recov- 
ery procedure. It would seem that the straight-line recovery technique 
could fruitfully bear further examination, especially for application to 
the recovery of long stretches of cable. 
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Fig. 16 — The present and Shea recovery methods. 
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IV. EFFECTS OF SHIP MOTIONS 
4.1 Tensions Caused by Ship Motions 


In the basic stationary model a perfectly calm sea is postulated. 
However, in reality, wave action gives rise to a random motion of the 
ship which in turn induces variations in cable tensions around those cor- 
responding to the basic model. 

To analyze this effect, we assume that the mean forward velocity of 
the ship and the mean pay-out or haul-in rate are constant and that the 
mean tension at the ship and the mean direction of the cable as it enters 
water are those given by the stationary model. In a reference frame mov- 
ing with the mean velocity, we resolve the ship displacement into a 
longitudinal component Pp (Fig. 17) along the mean or stationary direc- 
tion and a transverse component Q perpendicular to the stationary di- 
rection. 


Qo 


as 


Fig. 17 — Longitudinal and transverse components Po and Qo of the ship 
displacement. 


Intuitively, one might expect the tensions caused by the transverse 
displacement Qo to be negligible compared to those caused by the longi- 
tudinal displacement Po. An analysis we have carried through in fact 
yields this conclusion. Because of its complexity and length, this analysis 
and the model upon which it is based are given in Appendix D. The re- 
sults for the case of harmonic variation of Qo with time indicate, at least 
for cable No. 2, that the tension associated with the transverse com- 
ponent Qo is indeed negligible for all except ship motions so extreme as to 
rarely occur. 

In addition, this analysis indicates that for the transverse disturbance 
Qo, the amplitude of the responding transverse cable motion decreases 
exponentially after the cable enters the water because of the damping 
action of the water drag forces. The “‘half-life’ distance for cable No. 2, 
that is, the distance along the cable at which the amplitude of a harmonic 
transverse motion is damped to one-half its surface value, is plotted in 
Fig. 18 as a function of the period of the motion for various depths h and 
ship velocities V. The striking feature of these figures is the rapidity of 
this damping. The analysis thus shows for cable No. 2 that the eflect of 
a transverse disturbance penetrates only a short distance into the water. 
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Fig. 18 — Variation of half-life distance of cable No. 2 with the period of 
ship motion. 


As far as cable tensions are concerned, the important ship displacement 
then is the longitudinal component P, , directed along the stationary 
direction of the cable. The analysis of Appendix D leads to the basic 
one-dimensional wave equation 


cP _- oP 29 (27) 


for the description of the longitudinal motion. In this equation p is the 
deviation in longitudinal displacement from the mean pay-out or haul-in 
displacement, and the remaining symbols are defined as (Fig. 17) 


x = distance from the mean ship position along the stationary cable 
configuration, 

¢ = time, 

cr = EA/ Pc + 


The additional tension 7’, due to ship motion is in turn given by 
T, = BA2, ~ (28) 
Ox 


As in the example of Section 3.6, we have again assumed that by using 
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in (28) the limiting values of 74 obtained by complete restraint to twist- 
ing and no restraint to twisting during pulling, one can obtain bounds 
on the actual displacements and tensions. . 

The solution of (27) under arbitrary boundary conditions can be ob- 
tained from standard textbooks. Probably it is most representative to 
assume the cable is semi-infinite. That is, although damping of the cable 
is normally so small that we neglect it in (27), we may assume, because 
of the cable’s great length, that the damping is sufficient to cause com- 
plete decay of a disturbance initiated at the ship, and that such a dis- 
turbance is not reflected from the ocean bottom. Under this condition 
the additional tension 7’, is given by 


——— dP 
Lp = —V Ap. ere 





(29) 


where P = Py + P, with dP/dt being in turn the increment in pay-out 
rate or decrement in haul-in rate from the mean. I*or cable No. 2, Table I 
(Section 3.2) indicates that 


VE Ap. 


220 lb/ft/sec (twist unrestrained), 
400 lb/ft/sec (twist restrained). 


Two examples will make clear the application of (29). 


Example 1: Steady-State Laying or Recovery in a Regular Seaway. 


Assume that in a frame of reference traveling at the mean horizontal 
ship velocity ship surging (to and fro forward motion) is zero and the 
combined heave and pitch motion is normal to the ocean surface and is 
given by 


Wee Aer 
T 


If the period 7 is 6 seconds and the amplitude A is 15 feet find for cable 
No. 2, 


a) (T'p) max for laying at a constant pay-out rate and at a ship speed of 
6 knots, 

b) (7'>)max for recovery at a constant haul-in rate and with a surface 
incidence angle of 60°. 


| In both cases (a) and (b), the deviation P; in pay-out or haul-in rate is 
zero, hence P = Py = W sina;, and (dP/dt) max = (24/7) A sina, . Since 
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cable No. 2 has a hydrodynamic constant H of 70 degree-knots, we have 
In case (a) 


a, = 11.7 degrees and (*) = 2.12 ft/sec. 


From (29) we get therefore 
(T'»)max = 466 lbs (twist unrestrained), 
= 848 lbs (twist restrained). 
In case (b) we have a, = 60°, (dP/dt) max = 13.6 ft/sec, and hence 
(T'p)max = 2,990 lbs (twist unrestrained), 
= 5,430 lbs (twist restrained). 


During recovery by conventional methods the surface incidence angle 
a; is in general much larger than that which occurs during laying. The 
above example points up that one can expect correspondingly larger 
ship motion tensions during recovery than during laying in the same 
sort of seas. Since the stationary tensions are also much larger during 
recovery, recovery is the condition for which the strength of the cable 
should be designed. 

In this example we have considered a regular seaway, something which 
does not exist in nature. Recent work in the application of the theory of 
stochastic processes to the study of ocean waves and ship dynamics 
promises to develop into a realistic description of the behavior of ships 
at sea.’* When such a description becomes available, we shall be able to 
obtain a better estimate of the magnitudes of ship motion tensions. 

As far as data presently available are concerned, the maximum storm 
condition vertical velocity at the bow or stern recorded by the U.S.S. 
San Francisco during her research voyage of 1934 was 22 feet/sec.” 
Since this ship was roughly the size of a cable ship such as the H.M.S. 
Monarch, this figure might indicate the order of the maximum velocities 
to be expected in cable practice. In terms of our example, for six knot 
laying this vertical velocity would imply 


Ty = 980 lbs (twist unrestrained), 
1,780 lbs (twist restrained). 


For recovery at a surface incidence angle of 60°, it would imply in turn 
T, = 4,200 lb (twist unrestrained), 
= 7,600 lb (twist restrained). 
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However, it is to be cautioned that these numbers are merely indicative 
and might differ considerably from those which occur on a particular 
cable ship. 


Example 2: Brake Seizure 


While laying cable No. 2 at six knots ina perfectly calm sea, a sudden 
seizure of the brake occurs. What is the resulting initial rise in tension? 
Because of the calm sea we have Py = 0. Therefore 
dP 
aa P, = rae eee ae 
With the value of V = 6 knots and a corresponding a, of 11.7° (see Iix- 
ample 1) we have dP/dt = 9.9 ft/sec and hence from (29) 


T, = 2180 lbs (twist unrestrained), 
= 3970 lbs (twist restrained). 


These values of 7’, pertain only to the transient values occurring while 
the tension wave is being transmitted to the ocean bottom. If the seizure 
in this case occurred at a depth of three thousand fathoms, the time of 
transit to the ocean bottom would be only of the order of nine seconds. 
After reaching bottom our initial assumption of no reflection from the 
bottom would be violated and (29) would no longer hold. In reality the 
cable tension would continually increase at the ship and reversing ship 
engines or some other action would be required to avoid rupture of the 
cable. 


V. DEVIATIONS FROM A HORIZONTAL BOTTOM 
5.1 Kinematics of Laying Over a Bottom of Varying Depth 


Ocean bottom topography is not everywhere flat and horizontal as 
postulated in the basic model. In the Mid-Atlantic ridge, for example, 
there exist bottom slopes of thirty or forty degrees. In other places sub- 
marine canyons with almost vertical sides have been found. Further- 
more, where the bottom is steepest it is most likely to be rocky and 
craggy since erosion tends to smooth out a sandy or muddy bottom. 
Therefore, it is important to know how the cable should be paid out to 
cover a bottom of varying depth. To help determine this, we extend 
here the stationary model to the case of a non-horizontal bottom. 

In Section 3.1 we indicated that if the cable tension at the touchdown 
point is zero the configuration according to the basic model is a straight 
line, regardless of how the cable is paid out. If the cable is paid out with 
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slack with respect to the bottom, the zero touchdown tension condition 
is fulfilled. Hence, under the proper slack pay-out, the cable geometry 
and, as we shall see, the cable kinematics are particularly simple. 

Essentially, we must consider two deviations from the horizontal 
bottom, namely, downhill or descent laying and uphill or ascent laying. 
We consider these situations in turn, confining ourselves to bottoms of 
constant slope since any bottom contour can be approximated by 
straight-line segments. 

To cover a descending bottom, the cable pay-out rate must exceed the 
ship speed, Fig. 19(a). To cover an ascending bottom, the angle of in- 
cidence a of the cable, which as we have seen in Sections 3.1 and 3.2 de- 
pends only on the ship speed, must exceed the ascent angle y, Fig. 19(b). 
Otherwise, the situation shown in Fig. 19(c) develops. Hence the critical 
parameters are pay-out speed and ship speed. 





(a) DESCENT 











(Cc) ASCENT (7 >a) 





Fig. 19 — Cable geometry during straight-line descent and ascent laying. 


During descent laying we see from Fig. 20 that in a time ¢ an amount 
of cable equal to a + b must be paid out. Hence the required pay-out 
rate V.is (a + b)/t. But by straightforward trigonometry 

a+b _ sina+sing 


Me ae SNR) eae (30) 


where @ is the angle of descent and a is the straight-line incidence angle. 
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Fig. 20 — Kinematics of straight-line descent laying. 


In accordance with usual terminology we define the slack ¢ as 


e= (Ve - V)/V. | (31) 


We shall think of the slack as being composed of two parts: a fill f, which 
is the amount of slack required for the cable to cover the bottom, and an 
excess, equal to e — f, which will normally be laid to provide a margin of 
safety. Substituting V, from (31) into (30) we get the expression for the 
fill f. The result can be transformed to the form 


tan = tan Pg Ee. (32) 


2 2 2+f° 


The quantities a, 8 and f are normally all small quantities and we may 
make the approximations 


e+ 
f 
j=} 


Q 


Q 


co 
iS) 
= 
WlD WIR 


- 
2 


Nis, NID WIR 


| 2-7 
For a, 8 < 30° and f < 0.06, the error in each of these approximations 
is less than 3 per cent. Hence, with good accuracy we write (32) as 


St eg (88) 


where a and @ are expressed in radians. Further, we have from (9) that 
a in radians is very nearly a = H/V, where # is in radian knots. Sub- 
stituting this expression into (83), we get for the fill 
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_ HB 
— OV- 


Tinally, using this expression for f in (81), we arrive at* 


(34) 


Ve-V=—. (35) 


Thus, the increment in required pay-out rate is essentially a function 
only of the descent angle 6 and is independent of ship speed. 

In the case of an ascending bottom for which a > y, Fig. 19(b), posi- 
tive bottom slack may be obtained with a pay-out of less than the ship 
speed. The allowable decrement in pay-out rate is given by 


Hy 
V c 2 ) (36) 
that is, the same as the required increment for ascent laying. Likewise, 
the fill f in this case is simply f = — (Hy/2V). 


The only way to avoid the situation shown in Fig. 19(c) where a < y 
is to sail slowly enough to maintain an incidence angle a greater than 
the angle of rise y. By (9), we have for most laying speeds aV & H. 
With good accuracy the condition a > y thus implies 


H 
V<-. . (37) 
Y 
Therefore, for a given rise y the limiting ship speed is simply H/y. 


5.2 Time-Wise Variation of the Mean Tension in Laying Over a Bottom 
of Varying Depth 


In the cases where the cable is paid out with excess onto a bottom of 
‘constant slope, the variation of the mean tension at the ship with time 
is easily computed. During descent laying the increase in depth 6 after 
a time ¢ is by elementary trigonometry (Fig. 20) 


_ sin @ sin B 
~ sin (+ 8) 


Hence, the rate of rise of the mean shipboard tension is 


dt t sin (a + B) 


Similarly, during an ascent lay for which the bottom is less steeply 


dT wd _ sinasin@ av (38) 


~ * Note that in (33), (84) and (35), H may be replaced by the numerically identi- 
cal transverse settling velocity u, (see Section 3.4). 
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inclined than the cable (a2 > y), the rate of decrease in shipboard ten- 
sion is 

dT sin a sin y 

—_— = ——__—_ vw. 

dt sin (a — y) is 


Like negative slack laying on a flat bottom, the variation of tension 
with time depends greatly on the frictional characteristics of the bottom 
in cases other than the above. We therefore limit ourselves to situations 
where the cable does not move with respect to the ocean floor. This case 
might be approximated by rough bottoms, where the cable might wedge 
itself between rocks. 

A nomograph giving a rough estimate of the rise of mean tension with 
time when a cable becomes completely suspended is worked out in Ap- 
pendix Is. In deriving this nomograph it is assumed that the cable takes 
on a sequence of stationary configurations. This assumption is probably 
reasonable if the time span of the tension rise is large compared to the 
time of passage of a tension wave from the ship to ocean floor and return, 
which as mentioned in Section4.1 is of the order of 18 seconds. However, 
because of this assumption and others mentioned in Appendix E, we 
regard the tension variation computed by the nomograph only as a crude 
approximation. 

Fig. 21 shows the mean ship-board tension versus time computed by 
means of the nomograph for various slacks e, where ¢ is defined by (81). 
The values which were used for the other parameters entering the calcu- 
lation were 


Le Se ig 
EA 
ons 12”. 


Also shown on this curve is the tension rise computed for the case of 
laying down a vertical slope without excess. The rise for this case is given 
by (38) with 8 = 90°. It is seen that as the slack «¢ is increased the curves 
for a complete suspension approach the 8 = 90° curve. Indeed, it can be 
shown that under the assumptions made in computing Fig. 21 the 8 = 90° 
curve gives a lower bound on the tension rise with time in the case of a 
complete suspension. A tension rise rate greater than the 8 = 90° rate 
is thus an indication of unsatisfactory covering of the bottom. 

In the case of too rapid a ship speed resulting in a < y (Fig. 19c) re- 
straint of movement of the cable along a rough bottom would cause the 
tension on the high side of the crest to be zero. There would thus be a 
sudden drop in tension corresponding to the sudden decrease in depth 
at the touchdown point after the cable was laid over the crest of the hill. 
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Fig. 21 — Variation of tension with time when cable No. 2 is completely sus- 
pended. 


On the other hand, in the case of a frictionless bottom, the removal of 
the supporting water drag forces would cause the cable to seek a catenary 
equilibrium position on the low side of the crest. But in doing this, the 
cable would drag itself over the crest, with an accompanying increase in 
shipboard tension. 

Thus for the case of a bottom rise steeper than the cable inclination 
(a < y) either an increase or a decrease of tension with time is possible, 
depending on the nature of the bottom. 


5.3 Residual Suspensions 


If the cable is not paid out rapidly enough, or if the ship speed is ex- 
cessive, the cable will be left with residual suspensions after it has been 
laid. To get an idea of the possible magnitudes of the tensions accom- 
panying these suspensions, we consider here some numerical examples 
pertaining to cable No. 2. As before, we assume for definiteness the ex- 
treme case of a bottom rough enough to prevent movement of the cable. 

In Fig. 22 is shown the profile of a 35 fathom (210 feet) increase in 
depth with a maximum slope of 45°. This profile was obtained from 
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fathometer records of the Mid-Atlantic Ridge provided by Professor 
Bruce C. Heezen of the Lamont Geological Observatory. Laying down 
this slope at a ship speed of six knots requires a slack of 8.5 per cent (see 
Section 5.1). If the slack were only 5 per cent, the successive cable con- 
figurations as calculated by the methods of Appendix Ii would be those 
shown in Fig. 22(a).* The cable would touch bottom after 2.6 minutes, 


t IN MINUTES: —>\V 





(b) ascent 


Fig. 22 — Successive cable configurations during a 35-fathom descent and as- 
cent lay of cable No. 2 at a 6,000-ft depth with an assumed 5 per cent slack and 
6-knot ship speed. 


leaving a residual suspension with a half-span of 480 feet and a tension 
of 525 lbs. The mean tension at the ship would correspondingly increase 
by 525 lbs during the 2.6 minute time interval. In even moderately 
rough seas, this tension change could be obscured by the ship motion 
tensions. 

Consider this profile next to represent an ascending lay under a ship 
speed of six knots. Fig. 22(b) shows the initial (¢ = 0) and residual cable 
configuration. Because of the small incidence angle of the initial straight- 
line shape, the residual half-span of the catenary is a quarter of a mile 
(1320 feet) long, and the accompanying residual tension is 2,710 lbs, or 
roughly that which normally occurs in laying at a depth of 2 of a nautical 
mile. At the ship, there would be a decrease in the mean tension of 130 
Ibs. corresponding to the 35 fathom decrease in depth. Again, a tension 
change of this magnitude would he difficult to discern because of ship 
motion tensions. 


* We have further taken the ratio wh /EA to be3.1 X 10-3 in this computation. 
However, the results are very insensitive to change in the wh /EA ratio. 
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If the above 35 fathom change occurred at a depth of say three thous- 
and fathoms, a very sensitive fathometer would be required to detect it. 
Thus, although complete restraint of cable movement along the bottom 
is an extreme and unlikely condition, the above examples indicate that 
long residual suspensions can occur with essentially no manifestation at 
the ship, especially in deep water. 


VI. CABLE LAYING CONTROL 


6.1 General 


We have seen that the mean cable tension at the ship reflects the 
amount of slack which is being paid out and how the cable is covering 
the bottom. However, in most cases this reflection is not sensitive. For 
example, the tangential drag force Dr varies with V;, the longitudinal 
velocity of the cable relative to the water. In theory, as (2) shows, one 
can therefore determine the amount of slack being paid out from ship- 
board tension measurements. For cable No. 2, we have plotted in Fig. 
23 the variation of the mean tension at the ship as a function of slack for 
a ship speed of six knots and a depth of two thousand fathoms. At three 
per cent slack the tension is 8,240 pounds, while at six per cent slack it 
is 8,020 pounds, a difference of only 220 pounds. This amount of tension 














TENSION IN POUNDS 











PER CENT SLACK 


Fig. 23 — Variation of shipboard tension with per cent slack for laying cable 
No. 2 at a ship speed of 6-knots in a depth of two thousand fathoms. 


could be easily obscured by the effect of ship motion. Thus, to measure 
slack accurately by relating it to cable tensions one would have to know 
the depth and cable parameters very precisely and, in addition, would 
need a very efficient filter to separate out the ‘‘noise” tension caused by 
ship motion. 

Similarly, it has been shown that residual suspensions can occur with 
essentially no reflection in the tension readings at the ship. Hence, al- 
though tension readings can give a valuable check on how the cable is 
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covering the bottom, it would seem difficult for them to provide exact 
enough data for the control of cable laying. 

At the same time we have seen that if the bottom contour is known 
in advance, then for a given ship speed one can compute the required 
cable pay-out rate. Also with foreknowledge of the bottom, one can 
anticipate steep bottom ascents and decrease the ship speed accordingly. 
Such a purely kinematic attack on the cable laying problem would seem 
more fruitful than an attack which depends on measurements of ship- 
board cable tensions. 

Possibly the simplest way of measuring the bottom contour is by 
means of a fathometer located at the ship. Since the cable ship is nor- 
mally far forward of the touchdown point of the cable, one could in 
theory obtain in this manner the required advance knowledge of the 
contour. In present practice, a taut piano wire is used to obtain the 
ground speed of the ship. We examine briefly the accuracy of this method 
in the next section. 


6.2 Accuracy of the Piano Wire Technique 


The taut wire is laid simultaneously with the cable, but under a con- 
stant mean shipboard tension. If the bottom is perfectly horizontal, the 
speed of the wire coincides with the ground speed of the ship. However, 
when the bottom depth is variable and the wire is laid up and down hill, 
the wire’s pay-out speed deviates from the ship speed. By (31), it is seen 
that the error in the ship speed which is indicated by the wire is just 
equal to the slack e« with which the wire is paid out. This slack, which 
may be positive or negative, can in turn be estimated by the methods of 
the previous sections. 

Consider the beginning (denoted by (1) in Fig. 24) and end (denoted 
by (2) in Fig. 24) of a downhill lay of the piano wire. As before we neglect 
the tangential drag force. Then, the condition that the tension at the ship 
remains constant gives, by (21), 


(To): + why = (To)2 + whe , (39) 


where the subscripts 1 and 2 refer to the configurations at the beginning 
and end of the downhill lay. If é is the average slack or error of the piano 
wire during the descent, then (1 + @)V is its average pay-out rate, and 
we have by Fig. 24, 


he = hy 
sin 8 





S++ a8Vi = + 82, (40) 
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where S; and 8: are lengths along the cable from the touchdown point 
to the ship. Also, from Fig. 24 . 


X; + Vt = (ho — y)/tan B + X2. (41) 





_ 
Peat te masts _ : 
| ! 


‘tas Py 
CAM WS RUE IRENE KREUK 
Fig. 24 — Piano wire configurations at the beginning and end of a descent lay. 


Equations (89), (40), and (41), together with the general equations 
(Section 3.6) 








25150 ~ L! 
sin a w’ 

(24) 
i= h gly 
tana w 


allow one readily to solve for the average error é in the piano wire indi- 
cation of ship ground speed. The result is 


_ sina + sing — xsina sing 


~ sin (a + B) — X sin @ sin B p (42) 





For the small values of a and 6 which normally occur during the laying 
of the piano wire, the terms \ sin @ sin 6 and « sin a sin 6 are negligible. 
Hence, the average error é is thus very nearly 


_- sma+sinp _ 
~ sin (a + B) 


which, as (30) indicates, coincides with the amount of fill which would 
be required to lay downhill with the straight-line or zero touchdown 
tension configuration. Equation (48) is in turn closely approximated by 
(Section 5.1) 


18 (43) 


om 
I 


wh 
bo 
Is 


(44) 
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Similarly, for ascent laying of the wire on a bottom which rises less 
steeply than the inclination of the wire (19b), we get 
sina — siny + «sina sin y 


é= — : ; — 1 45 
: sin (a — y) + Asinasin y ; (45) 





which is very nearly 
ps ies ote ee (46) 


Thus, in both the above cases, the error in the piano wire technique can 
be closely obtained by assuming that the configuration of the wire is a 
straight line during ascent and descent laying. This is not surprising 
since, as we saw in Section 3.6, the deviation from the straight-line con- 
figuration during piano wire laying is normally small. 

Because of its smooth exterior, the normal or transverse drag coefficient 
of the piano wire probably can be obtained from published curves for 
flow past a smooth right circular cylinder as shown in Appendix B. For 
typical 12 gauge (0.0290 inch diameter) piano wire, these curves yield 
a value of Cp of 1.45 andan/A value of 25.0 degree-knots. However, these 
values of Cp and H must be considered tentative until confirmed expe- 
rimentally. 

Knowing the wire’s H value, we can compute the error of the ground 
speed caused by descent and ascent laying of the piano wire by means 
of (44) and (46). The result of this computation for H = 25.0 degree- 
knots is shown in Fig. 25. 

When the ascent angle of the bottom exceeds the siaeites angle of 
the wire, suspensions result and the error cannot be computed without 


8 
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GROUND SPEED 
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SHIP SPEED IN KNOTS 


Fig. 25 — Error during descent and ascent laying of 12-gauge piano wire. 
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knowledge of the frictional properties of the bottom. For an H value of 
25.0 degree-knots, (87) indicates that suspensions will occur for ship 
speeds V greater than V = 25.0/y, where V is in knots and the ascent 
angle y is in degrees. Hence, for a typical laying speed of 6 knots, ascent 
angles greater than 4.2 degrees will cause suspensions of the piano wire. 
These magnitudes indicate that suspensions of the piano wire probably 
actually develop in practice. 

It is seen from Fig. 25 that for the usual small ascent or descent angles, 
the piano-wire technique is quite accurate, while for large bottom slopes 
it can be considerably in error. Again, however, if the bottom contour is 
known in advance, these errors can be estimated in the cases plotted in 
Fig. 25 and therefore can be corrected for. In this manner, the piano 
wire could be improved to give accurate ground speeds in all two-dimen- 
sional situations, with the exception of the case of a suspension caused by 
a too steeply ascending bottom. Such suspensions can be avoided only 
by maintaining a sufficiently slow ship speed. However, as seen by the 
small computed H value of 25.0 degree-knots, the ship speeds required 
to avoid piano wire suspensions on uneven bottoms are probably pro- 
hibitively slow. Hence, for steeply ascending bottoms it is likely that 
some other means of determining the ship ground speed is necessary. 


VII. THREE-DIMENSIONAL STATIONARY MODEL 
7.1 ‘General 


Thus far we have assumed that the cable lies entirely in the plane 
formed by the ship’s velocity vector and the gravity vector. Because of 
the symmetry of the cable cross-section, this assumption seems reason- 
able.* However in certain cases, as for example in the presence of ocean 
cross-currents, the assumption of a planar configuration is clearly un- 
tenable. We consider therefore the case where the cable configuration 
is not necessarily planar but is still time independent with respect to a 
reference frame translating with the constant velocity of the ship. In 
analogy with previous terminology, we call this the three-dimensional 
stationary model. 

Assume there is a constant velocity ocean current in each of a finite 
number of layers. Let the vector V. denote the ocean-current velocity 
in a reference layer. In the stationary situation the velocity of the cable 

* Because of asymmetries caused by the helical armor wire or because of minor 
out-of-roundness, it is conceivable that a sidewise drag force might develop which 
would cause the cable to move out of the ship’s velocity-gravity plane. For a re- 


port of experimental observations of such yawing in wire stranded cables, see Ref- 
erence 11. 
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configuration is everywhere the velocity of the ship, which we denote by 
the vector V. Hence the velocity V’ of the water with respect to the 
cable configuration in the reference layer is 


Vo =V.+(-V) = Vo — V. 


Further, in this layer we choose a set of coordinate axes é, n, ¢ translating 
at the velocity V as follows: The & axis has the direction of — V’, while 
7 is measured vertically upward, and ¢ is perpendicular to y and — so 
that the axes & 7, ¢ form a right-handed system. A plan view of this 
configuration is shown in Fig. 26. We have denoted the angle between V7 
and V, by 8, while the angle between the ~ axis and V is denoted by ¢. 
(The distances d and e refer to a subsequent section.) To describe the 
cable configuration with respect to the £, 7, ¢ axes, we use the spherical 
polar coordinates 6 and y shown in Fig. 27. (Thet,u,» vectors are dis- 
cussed in Appendix I.) 





Fig. 26 — Plan view of the coordinate system for the three-dimensional sta- 
tionary model. 


As in the two-dimensional case, we resolve the velocity of the water 
with respect to a cable element in the reference layer into a component 
Vy normal to the cable and a component V; tangential to the cable, and 
associate with Vy and V;, the drag forces Dy and Dr. The resulting 
differential equations, which are derived in detail in Appendix IF, are the 
following: 


2, a0 
(T peVe ) ae 


+ wd’ (cos’ y sin’ 6 + sin’ y)'” cos w sin 6 — wcos@ = 0, (a) 
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(T — p.V-) cos g “+ (47) 
ds 


+ wd’ (cos’ y sin’ 6 + sin’ y)'? siny = 0, (b) 
OE see apg Oy, (c) 
ds 


where A’ = CppdV”/2, and V’ is the magnitude of 7’. 

In addition, connecting the coordinates &(s), n(s), and ¢(s) of a point 
s along the cable with the angles 6 and y we have the geometric relation- 
ships 


dé(s) 











= cos 6 cos y, (a) 
ds 
ON) a iaeg. (b) (48) 
ds 
dg(s) | 
7s cos@siny. (c) 


Two important general results follow from (47) and (48). For one, if 
the tangential drag force Dz is negligibly small, (48b) substituted into 
equation (47c) yields upon integration 


= To + Wn, (49) 
where 7 is the tension at 7 = 0. Hence, if 7 is measured from the ocean 
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Fig. 27 — Definition of the spherical polar coordinates @ and y and the unit 
vectors ¢, u, and v. 
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surface, and if at the bottom (7 = —h) the tension is zero, the tension 
at the ship is essentially wh, regardless of the nature of the normal 
drag forces. Since in most laying situations for present cables, the tan- 
gential drag force can be reasonably neglected, this fact provides a con- 
venient over-all check on the laying process. That is, if the cable is being 
laid with excess, the tension at the ship for any stationary cable con- 
figuration, planar or non-planar, should be essentially wh. Any marked 
increase of tension over the wh value necessarily means the bottom ten- 
sion is non-zero and insufficient cable is being paid out. 

The second important result is derived in Appendix F. This result is 
that if the bottom ocean layer in our model is devoid of cross currents, 
and if the bottom tension is zero, then, for the boundary conditions which 
are normally observed, the cable configuration in the bottom layer is a 
straight line. Further, this straight line is in the plane formed by the 
ship’s velocity vector V and the gravity vector. Hence, for example, in 
laying with excess in a sea which contains surface currents, the cable 
configuration in the lower, current-free portion will be a straight line in 
a vertical plane parallel to the resultant velocity of the ship. The laid 
cable will be parallel to the ship’s path, but displaced a certain distance 
from it. Thus, because the lower portion is a straight line, our previous 
results about the kinematics of straight-line laying still apply. Only they 
now are pertinent to the displaced bottom contour rather than to the 
contour which lies directly beneath the ship. 


7.2 Perturbation Solution for a Uniform Cross-Current 


Cross-currents are commonly confined to a region near the ocean sur- 
face. It is of interest therefore to determine for such surface currents the 
distance e (I'ig. 26) which the laid cable will be displaced from the path 
of the ship. In Appendix IF we consider the problem for a cross-current of 
uniform but comparatively small velocity. In addition, we determine the 
distance d (Fig. 26) back of the ship at which the cable leaves the upper, 
cross-current stratum and assumes the straight-line configuration it has 
in the lower stratum. Let us assume for the sake of reference that the 
resultant ship velocity V is due east, and that the cross-current Vy is 
inclined at an angle 8 to the north (lig. 26). The resultant velocity V’ 
of the water with respect to the cable in the surface stratum has the 
magnitude therefore of 


V' = [(V — Vw cos 6)’ + (Vu sin yl, (50) 


and is inclined at the angle ¢ from due west, where 
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Vy sin B 
V — Vw cos B° 
Associated with V’ we have a critical angle a’ which is given approxi- 
mately by H/V’ or exactly by (10) or (11). 

In terms of ¢g, a’, and a the analysis of Appendix F yields the following 
values of d and e. 


! ’ Aa | h—h’ h’ ~)) 
, 4\ ctn2a’ 
h'getne’ (1 ae _* tan” a’ 1 — (1 = )) , (b) 


where Aa = a — a’ is the difference of lower and upper stratum critical 
angles, h’ is the depth of the upper, cross-current stratum and h is the 
total depth.* Curves from which d and e may be evaluated are given in 
Iigs. 28 and 29 in dimensionless form. To illustrate their application we 
consider the following. 


Jee ee 
a 
OCC 


tang = (51) 


d 


| 


(52) 
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—=--=- asymptote FoR h/h—1 
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Fig. 28 — Distance the laid cable is offset from the ship’s path. 





* In Appendix F the equation of the space curve formed by the cable in the 
upper stratum is also given. 
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Fig. 29 — Distance behind the ship at which the cable enters the lower stra- 
tum. 


Example: A ship is laying cable No. 2 at a depth of 6,000 ft at a re- 
sultant ground speed of 6 knots due east. There is a one knot cross-cur- 
rent 600 feet deep running 30° east of north. Find e and d. 

Here 6 = 60° and we obtain from (50) by a simple computation 
V’ = 5.57 knots. Also since for cable No. 2 H = 70 degree-knots, 


h’/h = 600/6000 = 0.1, 
a’ = 70/5.57 = 12.3 degrees. 
By interpolation, we find from Figs. 28 and 29 
le 


oh = 24; 


1 d\ 1 
(; al oe sors 


Equation (51) yields in turn g = 0.156 radians, and Aa is given by 


Aa = ie _ a = —0.6 degrees = —0.010 radians. 
Hence, we have 


¢ = 3.6h'¢ = 2.7 X 600 X 0.156 = 253 ft, 





d = h’ E = 470 | = 6000 [4.59 + 4.7 < 0.010] = 2800 ft. 
Qa 


DYNAMICS AND KINEMATICS OF SUBMARINE CABLE 1175 


APPENDIX A 


Discussion of the Two-Dimensional Stationary Configuration for Zero 
Bottom Tension 


We assume again that the tangential drag D; depends only on the 
relative tangential velocity V7 , and we consider in a T’, @ plane the solu- 
tion trajectories of equations (18). These trajectories satisfy the equation 

aT (sin 6 — D,/w) 

dé ~~ cos 6 — Asin @|siné | 
and are periodic in @ with a period of 27. In Fig. 30 we have plotted the 
solution trajectories qualitatively for (a — 7) S 6 S (a+ 7). It is seen 
that the trajectories are either the vertical straight lines @ = a,9 =a 
or they lie completely within one of four regions, labelled I, II, III, or 
IV, which are bounded by these vertical lines and the horizontal line 
T = pV, . The trajectory @ = a corresponds to the straight-line laying 
configuration, while the trajectories 6 = a + 7m correspond to Shea’s 
straight-line recovery method. | 

Examine now the trajectories in Regions II and JII at a point of 
which 7’ = 0. As J. F. Shea has pointed out, these trajectories all lie 
below the line 7 = p.V.’. On the other hand, the trajectory @ = a con- 


(T — pV), (58) 





We 


IV 
y 
: 





a-7 a A+ 


_ Fig. 30 — Qualitative representation of the solution trajectories of the two- 
dimensional stationary model. 
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tains all values of 7’. Hence, according to the stationary model, the only 
cable configuration for laying which has the value 7 = 0 and values of 
T = p-V~ is the straight line inclined at the critical angle a. The mag- 
nitude of p.V. is small. For example, for cable No. 2 paid out at six 
knots p.V; is roughly six pounds, and for conditions approximating 
stationary laying the observed tensions at the ship are in practice always 
many times the p.V.’ value. For such magnitudes of shipboard tensions 
and a zero bottom tension, the two-dimensional stationary model thus 
yields the straight line as the only possible cable configuration. 

However, the empirical fact that 7 > p.V.’ does not guarantee that 
the shipboard tension must be greater than p.V.. We might somehow 
contrive to lay at a zero bottom tension with 7 < p.V. and with the 
cable in one of the non-straight line configurations of Regions II or III. 

Consider the cable configuration lying in Region II. From Fig. 7 it can 
be seen that the vertical velocity of a cable element is given by 


dy 


dt — — V vert — —YV, sin 6, 


where y is measured upward. Hence, of the possible trajectories for which 
the bottom tension is zero only those for which the bottom cable angle 
6) is between zero and x correspond to cable laying. J’or region II, there- 
fore we need consider only the trajectories in the range 0 S & < a at 
T) = 0. From (20c) the maximum value of y» for these trajectories is 
given by 


= ve i. "0 sme 
(cos € — A sin? £) 
’0 wsin » — Dr(n) 
xX exp | | w (cos 7 — A sin? 9) in} dé. 
Let (Dr)m be the maximum value of Dr ,0 S$ n» < a. With Dr set equal 
to (Dr)m, the right-hand side of (54) gives an upper bound on y, . This 
substitution further allows one to evaluate the right-hand side of this 


equation in terms of standard integrals. The result yields the following 
upper bound on Ym: 





(54) 


jae DA 








? 


pVe 1 
wi1l-r 
where 
= (Dr) m 


w sin a 
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In general, this upper bound will be much less than the laying depth. 
For example, for cable No. 2 being laid with 6 per cent slack at 6 knots 
Ym < 12.5 feet. That is, the cable configurations corresponding to Region 
IT do not reach the ocean surface. Hence these solutions of the stationary 
model do not in general satisfy all the required boundary conditions and 
can be discarded. 

Similarly, in Region III, the laying trajectories for which 7) = 0 are 
in the range a < 0) S 7m. Consider those for which 6) < 7/2. We get for 
these trajectories 





pe pVe ie sin & 
une w Je, \(A sin? — — cos €) 


g . _ 
x exp | - i _wsing — Dr(n) _ in)} dé, 


> w (A sin? 1 — cos 7) 


(55) 


where y,/2 is the value of y at 6 = 7/2. Let m be the minimum value of 
sin 7 — (Dr(n)/w) in the range a < 7 S 7/2. If, as in the usual case, 
m is positive, we can obtain an upper bound on y;z;2 by replacing 
sin 7 — (Dr(n)/w) by m in the right-hand side of (55). By this means 
we find that 


peVe 2(1 + cos’ a) 
w mtana/2 ~ 





Yr/2 < 


For cable No. 2 being laid with 6 per cent slack at 6 knots this relation 
yields yx/2 < 1,100 feet. So in the usual laying depths, which are many 
times greater than y,;/2, the configurations in Region III for which 
T) = 0 correspond to a value of @ at the surface greater than 7/2, or to 
cable being paid out in front of the ship during laying. It is doubtful 
whether such configurations would be stable and, at any rate, doubtful 
whether cable would ever be laid in such a manner. Hence, we conclude 
that these 7) = 0 solutions of Regions II and III will in general be 
mathematical curiosities, and that the only realistic laying solution of 
the stationary model for which the bottom tension is zero is the straight 
line 6 = a. 


APPENDIX B 


Computation of the Transverse Drag Coefficient and the Hydrodynamic 
Constant of a Smooth Cable from Published Data 


From (6) of Section 3.2 we obtain the relationship 
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Vsine Ow ' 
Vcosa ( aad (56) 


where H is the hydrodynamic constant. Also, we define the Reynolds 
number for flow normal to the cable in the usual way; 
dV sj 
Ne= eee (57) 
Vv 
v being the kinematic viscosity of water. For smooth cable we now as- 
sume that the drag coefficient Cp depends on Nz in the same way as for 
flow around a smooth cylinder of infinite length. Experimental data for 
this relationship, namely, 


Cp cd Cy(Nre) (58) 


are available in the literature and have been collated by Eisner.” 

For a given velocity V, (56) through (58) represent three equations 
for the unknowns a, Cp , and Nz . In general, the solution of these equa- 
tions depends on V, thus contradicting the assumption made in Section 
3.2 that Cp , and therefore H, are constants independent of V. However, 
for sufficiently large V we can expect the resulting a to be small so that 
a/cos a & 1. In this case (56) and (57) combine to give 


2wd 1 
Cp = pe Ne? (59) 
which together with (58) yields two equations for Cp and Np that are 
indeed independent of V. In laying, V will normally be large enough for 
this approximation to hold. 

Equations (58) and (59) are in turn easily solved graphically by find- 
ing the intersection on log-log paper of the curves, Cp versus Ne, 
that these equations represent. Since p and » are properties only of the 
water, we see that Cp is a function only of the product wd of the unit 
weight of the cable times its diameter. In Fig. 31 we have plotted the 
resulting values of Cp for wd ranging from 10’ to 10 pounds. For this 
computation we have assumed sea water at 32°F with an assumed density 
of 1.994 slugs per cubic foot and a kinematic viscosity of 2.006 xX 10° 
ft”/sec. 

For other than large values of V, (56) through (58) can be readily 
solved if one interchanges the roles of a and V, that is, if one considers a 
as given and V as unknown. Equations (56) and (57) can again be com- 
bined in this case to give 
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2wd cosa 1 
pv? ne 


Cp = (60) 
and with wd cos a a known number, (60) and (58) can be solved for Cp 
and N» as before. Thus, one can obtain Cy from Figure 31 by merely 
reading wd cos @ rather than wd on the abscissa. Knowing Cp one can 
solve for V from (56). 


wd IN POUNDS (=—=) 





ee aanctanae 





io 2) #6 8, 204 68), 


wd IN POUNDS ( 


oe ae 4-68). 2 4 68 





Fig. 31 — Variation of Cp with wd for cables of smooth exterior. 


The results of such a computation are shown in Table II for cable 
No. 1. For V > 1.5 knots the experimentally determined H is 64.0 de- 
gree-knots. The corresponding computed values of H, ranging from 67.4 
to 70.0 degree-knots, compare favorably with this experimental value. 
Over the entire range of V, from 0.25 to 10.00 knots, the variation in H 
is about 4 per cent. This small variation makes the assumption of Section 
3.2 that H is a constant for all V appear reasonable, especially since we 
can only hope to use this computation in a preliminary design before 
the hydrodynamic properties of a cable are established by experiment. 


TaBLE IJ — Computrep VaLuss or Nz, 
Cp , AND H For CABLE No. 1 











V (knots) Nr Cp H (deg.-knots) 
0.25 1.25 X 103 0.935 67.5 
0.50 2.50 0.922 70.0 
1.50 5.20 0.965 67.8 
3.00 5.80 0.985 67.5 


10.00 6.05 1.000 67.4 
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In Table IIT we have indicated computed high-velocity H values as 
a function of the unit weight w and the diameter d of a cable. Table IV 
shows the computed high-velocity Cp and H for various gauge piano 
wire. The American Steel and Wire gauge scale is used in this tabulation. 


Taste JIT — Computep VALUES OF THE HYDRODYNAMIC 
Constant H 1n DrGrREeE-KNoTs FoR SMOOTH CABLE 


Diameter in Inches 























Submerged 

Weight in 
Ib/ft 0.5 0.75 1.00 1.25 1.50 1.75 2.0 2.5 3.0 4.0 
0.1 54.5 | 44.2 | 37.9] 33.7 | 30.6) 28.1! 26.2) 238.2) 21.0) 17.9 
0.2 75.9 | 61.1 52.38 | 46.4; 41.9) 38.5) 385.8] 31.6) 28.5) 24.4 
0.3 91.7 73.6 62.9 55.6 | 50.2) 46.1) 42.8) 38.0} 34.4) 29.7 
0.4 104.7 83.9 71.5 | 68.1 57.1| 52.5) 48.9) 48.5) 39.6) 34.3 
0.5 115.9 92.6 78.9 69.8 | 63.38) 58.3] 54.4) 48.5) 44.3) 38.3 
0.6 125.8 | 100.4 85.6 | 75.9 68.9} 63.6); 59.5) 538.2) 48.5) 42.0 
0.7 107.6 | 91.9 | 81.6 | 74.2) 68.7] 64.2) 57.4) 52.4) 45.3 
0.8 114.2 | 97.8] 87.0] 79.3) 73.4) 68.6) 61.3] 55.9) 48.4 
0.9 120.6 | 103.4 92.1 84.1} 77.8) 72.7) 65.0) 59.3] 51.3 
1.0 126.5 | 108.7 97.1 88.6} 82.0!) 76.6} 68.5) 62.5) 54.1 
2.0 153.3 | 187.0 | 125.0) 115.7) 108.2) 96.7) 88.2) 76.3 
3.0 167.6 | 152.9) 141.5) 1382.3) 118.2) 107.9) 93.3 








TaBLE IV — Comrutrep Cp and H Vaturs or PIANO WIRE 














(Am, aoalee Wire) Dia. (inches) Cy II (deg- knots) 

0 0.009 2.49 10.7 

5 0.014 1.91 15.2 
10 0.024 1.56 22.1 
15 0.035 1.39 28.2 
20 0.045 1.31 33.0 
25 0.059 1.24 38.7 
30 0.080 1.14 47.2 
35 0.106 1.02 57.1 
40 0.138 0.970 67.1 

| APPENDIX C 


Some Approximate Solutions for Laying and Recovery 
c.l Laying 


We assume that the tangential drag and the centrifugal forces are 
negligible. Then, since for laying 0 S 6 S a, (18a) by virtue of (21) be- 
comes . 


(2 +) 2 + a sint 0 — cos 0 = 0. (61) 
w ds 
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Let the origin of an 2, y coordinate system be at the cable touchdown 
point (Tig. 8). Further, let « be the x coordinate of a point along the 
cable configuration and s the corresponding distance along the cable 
from the origin. If we define 


A=s—4@, (62) 
then 
dA ds dz ) 
——-—- Oo aire ™-—  —_- Ce _ 6 
od tan 5? (63) 
and 
dy 
ds 7 Sit 6. (64) 


By means of (63) and (64), (61) transforms to 








x 5 =\4 =\2 
where we have in addition introduced the non-dimensional variables 
T) = T/wh, 
A = A/h, 
g = y/h. 


Here h is the ocean depth at the touchdown point. Using the condition 
that 6 = 0 at y = 0, which implies dA/dy = 0 at y = 0, we get upon 
integrating (65) 


dA. a 1-(7/hH+pr \" 
Gos oe a (66) 
J 1+ (To/(Lo + gy)” tant 5} ’ | 


where 
° 2 
2— sin’ a 
sin? a 


y= (67) 


The usual range of the critical angle a is between 10 and 30 degrees. Also 





Therefore, we approximate the denominator of equation (67) by unity. 
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With the boundary condition that A = s — x = 0 at y = 0, we thus 
obtain 


A) = 8 — X = tan$ i (1 — (T/T +I) de, 68) 


where S and X are the dimensionless values of s and x at the ship. 
Next we let 


wo =sta, @ = w/h. 


di [a 
dj dig’ 


and, as can be seen from (66) through (68), 


Then we have 


st) = 84+ ¥=ctnS | “(l= (To/(Ts + OI ae. 69) 


For convenience we define u and R by 








bdr er 
T 
5 ee rie 


In terms of wu and F (68) and (69) become 


A(l) = 7) tan = 5 “al eee du, (70) 


a(1) = Ty cin & [ (71) 


ar — Saat 
Further, integration by parts gives 
i (ec eee ay =e _y fi du 
R 2 Je Wil — u7) 
Combining the above three equations and making the approximation 
(1 — R*)? 1, we find 

(1 ~ x) A(1) + 5 tan’ 5 = (1) = (1 + 7%) tan 5° (72) 


Thus A(1) and (1) are related, and we need evaluate only one of the 
quantities numerically by means of equation (70) or (71) in order to 
compute both A(1) and (1), and hence S and X. 
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The singularity at « = 1 makes the numerical evaluation of the inte- 
gral in (71) cumbersome. Therefore we consider the evaluation of A(1). 
But for convenience of numerical calculation we write (70) as 


1 
cS tan $ [ ie: wal? 7 #), 
2 Jr \ ou 





and integrate by parts to get 


x _ a yi Ym ‘1-4 u 

We note again that (1 — RY)’ & 1. Further, essentially all of contribu- 
tion to the integral in this equation occurs near u = 1 because of the 
large value of y. On the other hand, the values of 7'y which are of in- 
terest will normally be smaller than unity. Hence R, the lower limit, will 
normally be less than one-half, and thus will be outside of the region of 
significant contribution to the integral. Therefore, we can take the in- 
tegral to be a constant for a given a. Denoting this integral by n and 
combining these considerations we obtain 


AG = tan 5 — 50 tan 5 Pye (73) 


Finally solving for S and X from (68) and (69), we find 
ee 
sin a 





+ «To, 


X = : + AT), 


tan a 





which are a dimensionless form of (24). For brevity we have written 


aes Go) ieee ae e27 e 
k= Ae E 5 (2 1) n| ctn 5 5 n tan =) ; 


S| ie | ay “) 
= 32/1 x (2 i) ctns +5 tan 5 : 


Since the integral n and the constant y depend only on a, the constants 
x and 2 are also functions of a only. We have evaluated n by numerical 
integration and have plotted the resulting values of x and — xin Fig. 10. 


c.2 Recovery 


In the conventional recovery situation we have as boundary conditions 
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6=0 at y = 0, 
(74) 
6=-a, at y=h, 
where a; is the incidence angle of the cable at the ship (Fig. 8). With 
these boundary conditions, the development leading to (66) yields (26) 
for the relationship between shipboard tension 7’, and the incidence 
angle a; . 

To evaluate S and X, the values of s and x at the ship, we use (19), 
(20a) and (20b). Again we simplify by assuming Dr = p.V. = 0. Fur- 
ther, since for recovery —7 S 6 S 0, we may write | sin | = —sin &. 
This gives 


o_mf” 1 i sin 7 | 
a Tr | l esr OP 0 Srey aig ec dé, 


ee ake cos £ ort sin 7 

x-7 | [ a | dé. 
” Jo lope | cos 7 + A sin? y 7) a8 

The dimensionless bottom tension 7'y is computed from (26). The inte- 


grals appearing in (75) have been evaluated numerically. The results 
are shown in Figs. 14 and 15. 


(75) 








APPENDIX D 
Analysis of the Effect of Ship Motion . 
p.1 Formulation of the Differential Equations 


To analyze the effect of ship motion on cable tensions, we use the model 
shown in Fig. 32. We assume the cable is a perfectly flexible and elastic 
string whose motion is planar. The distance L along the cable from the 
ship to the point of entry into the water is taken as constant, and the 
longitudinal damping as negligible. . 





Fig. 32 — Model used for the analysis of ship motion tensions. 
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Unlike the solution of the basic stationary model, the complete solu- 
tion of this model is not simple. To make the problem tractable, we shall 
make further simplifying assumptions. Although these assumptions may 
seem reasonable, they must be ultimately justified by comparison of 
experience with predicted results. 

Force diagrams of a differential element of cable are shown in Figs. 
33(a) and (b) for the two regions, air and water respectively. The no- 
tation is 


= longitudinal displacement of a point of the cable, 

transverse displacement of a point of the cable (in air), 

= transverse displacement of a point of the cable (in water), 

= the stationary angle, i.e. the angle the cable configuration makes 
with the ship velocity in the absence of ship motion, 

deviation from the stationary angle — positive in the clockwise 
direction, 

= distance along the stretched cable, 

= distance along the unstretched cable (in air), 

¢ = distance along the unstretched cable (in water), 

Wa = Weight per unit length of cable in air. 


Sse 
Il 


aS) 
I 


R& a 


— Be acees = T 
age Oe 
\ set Ne 5 
BP eae 
pe ee’ 
\enn" 
ene ll (b) water 


Fig. 33 — Diagram of forces acting on a cable element in air and in water. 


1186 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957 


Summing forces along the directions ¢ (tangential) and n (normal) shown 
in Fig. 33, dividing by Az (air) or A¢ (water) and letting Ax — 0 and 
At — 0, we obtain the following equations of equilibrium* 


Air: 
Tez — Wa COS (0 — v) = pe(que COSY — Pu SiN ¢), 


: | (76) 
T, + Wa sin (06 — ¢) = pc(qte Sin Y + Dee COS ¢), 


Water: 


Teo, + Dus; — w cos (6 — ¢) = pwlqu COS Ye — Pte SIN ¢), (7) 
T; + wsin (6 — ¢) = pc(qu sin g + qt COS ¢). 

Here, p, denotes the mass per unit length of the cable in air. As is known 
from hydrodynamic theory, in order to accelerate a body through a 
fluid, one-must change not only the momentum of the body but that of 
some of the surrounding fluid as well. Thus the body has a virtual or ap- 
parent mass in addition to its intrinsic mass. In the first (77), the equa- 
tion of equilibrium in the normal direction in water, we accordingly use 
pw, given by 


= T 2 
Po = pe +a ap 


as the intrinsic plus virtual mass per unit length of cable moving through 
water. The quantities d and p are the outer diameter of the cable and 
mass density of the water, respectively, and the quantity (1/4)d’p is 
the virtual mass of a unit length circular cylinder moving transversely 
through water. 

We take for the normal drag force per unit length 


= Copd 
oes 





Dy Vy | Vy |. (78) 


Here Vy is the normal component of velocity of the water relative to 
the cable, i.e., 
Vy = Vsin (6 — ¢) + using — 7 cosg, (79) 


and C'ppd/2 is a constant. 
The quantities s and ¢ are given by the following geometric relations 
which can be obtained from Fig. 33: 


* We use the subscript notation for differentiation throughout this section, 
€.2., Ge =d¢/dz. 
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[(L + pe)? + xl, (80) 
tan g = n/(1 + ny), (81) 


with similar expressions obtaining for the cable in air. 
The tension 7 in turn is given by the Hooke’s Law or stress-strain re- 
lation 


sy 


T=FA{(1 +p.) +a —-1}, (Gir) 
T = BAI + p)* + n° — 1}. (water) 


As we indicated in Section 4.1, we shall assume that the extensile rigidi- 
ties HA corresponding to complete restraint and no restraint to ie 
will give the limiting values of the ship motion tension. 

Equations (76) through (82) form a complete system in terms of the 
independent variables x or ¢ and ¢. Formulating boundary conditions in 
terms of the coordinate x (or ¢) is awkward. This coordinate is measured 
along the unstretched cable so that a disturbance applied at the ship is 
applied at different x’s as the cable is paid out. At the same time, if the 
velocity of the pay-out is small compared to the significant wave velocity 
of the cable then we can plausibly neglect the paying out effect. As will 
be shown subsequently, in the problem at hand there are two significant 
wave velocities, roughly corresponding to transverse and longitudinal 
motion. The first of these is of the order of 200 ft/sec, while the second 
is of the order of 5,000—10,000 ft/sec. On the other hand, the pay-out 
velocity is of the order of 10 ft/sec. Hence, we take the pay-out velocity 
to be zero. This allows us to use (76) through (82) without further trans- 
formations and to identify x and ¢ as coordinates fixed in the translating 
reference frame. 


(82) 


pD.2 Perturbation Equations 


We assume that the motion is a small perturbation about the undis- 
turbed configuration of our model. To determine which terms of the 
differential equations are important in this case, we adopt the following ~ 
procedure. Let 


M = max[(Po + Pi)? + Qo}, 


where Py and Q are displacements of the cable at the ship, and P; is the 
variation of the pay-out displacement from the mean. The quantity 
e = M/L will normally be less than unity, and for no ship motion will be 
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zero. We write 
Po + Pi = af(, 


Qo bg (é) ) 


where f(é), g(t) are some bounded functions of time and a and 0 are 
constants, We assume that for given f(t) and g(t), T, p, and q vary 
analytically with e, namely 


T=M+eM+eMm+---, 
q=qutemt-::-, (83) 
Pp=ptemtemt-::, 


I 


I 


with counterparts for the submerged cable. The stationary transverse 
deflection is further assumed zero, and therefore the series for g contains 
no go term. Substituting, for example, (83) into (82) for air and equating 
like powers of e, we find 





Ty = EADo: ; (a) 
Ti — EApiz ; (b) (84) 
2 
=. aa Qiz 
ts = FA| pa + —|. © 


Equation (84a) of this sequence shows that only longitudinal displace- 
ments are associated with stationary tensions, while (84b) indicates that 
for small ship motions cable tensions are independent of the transverse 
component of ship motion. To compute the effect of transverse motion, 
(84c) shows that terms of the order e” in p and ¢ in q must be considered. 
We assume further that 1 + poz & 1, since poz is the order of magnitude 
of a strain. 

Equations (83) and (84) substituted into (76) yield with this approxi- 
mation 

Wacosa = 0, (a) 


= : (85) 
EA Poxzz — Pa Pott ss Wa SIN @ = 0, (b) 
1 
Qizz — ce Qe = 0, (a) 
1 
Pisz Ce Pitt = 0, (b) (86) 


= i = i = (c) 
Prxz ce Pott = C2 NetQicz QirQicz ; 
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where 
EA/ Pa 5 
C2 => To/ Pa- 


For non-zero ws and a # 1/2, (85a) cannot be satisfied. This is a conse- 
quence of the assumption of go = 0. With po.: = 0, equation (b) implies 
in turn that 7’) = constant, which agrees with our model. For the sub- 
merged part of the cable, the equations do not yield a constant 7 and 
thus contradict the assumed model. However, on the assumption that 
the transverse motion is confined to a region near the surface, we con- 
sider 7) to be constant in the submerged part of the cable as well. We 
thus arrive at 


I 


2 
C1 


1 
ms — Ome — Ymt — 3 me = 0 (a) 
2 
1 
Puss — Fy Pie = 0, (b) (87) 


1 1 
Pog — —y Pate = Gy Meemge — MEME , (c) 
Cy Cy 


where 
a,” = To/ pw ) 
2 
§ = Cop GV cos asin a, 
0 
= Cop dV” av" sin @ 
= 7 ; 


as the differential equations governing the motion of the submerged 
cable. The constant c is the velocity of propagation of a longitudinal 
wave in the cable, while the constants c, and @ represent the propagation 
velocities of a transverse wave in air and water respectively. 


p.3 Solution of the Perturbation Hquations 


We write 
pO, t) = Pot) + Pil), 
q(0, t) = Qo(t), 


and take as boundary conditions 
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po, ) = POTAO Gy 
OD =U (b) cS 
m(0, t) = Qo/e. (c) 


That is, we apportion all of the longitudinal boundary motion to p, , 
and all of the transverse boundary motion to q . Equations [(84b), (86b) 
and (87b)] then give the complete tension due to the longitudinal com- 
ponent of ship motion to first order. As mentioned in the text, this ten- 
sion is easily obtained from standard references, and is also the greater 
part of the ship motion tension. 

To determine the tensions due to transverse ship motion, we solve 
(86c) and (87c) for boundary conditions (88b) and (88c). In addition, 
we have the transition conditions 


qu (L,t) = m(0, 4), (a) 

qiz (L, t) = me(0, 2), (b) (89) 
p(x = L,t) = pos = 0, 0), (c) 

Pox (L,t) = px(0, t), (d) 


which follow if we assume that at the point of entry into the water the 
cable is continuous and the tensions are finite and continuous. 

We consider only the problem of the tensions associated with a har- 
monic steady-state transverse disturbance. Equations (86a) and (87a) 
_ show the transverse response to this disturbance to be independent of 
the longitudinal motion to first order. The first-order transverse motion 
in turn can be thought of as a forcing action on the second order longi- 
tudinal motion, as (86c) and (87c) indicate. This suggests the program 
we follow to compute tensions. Namely, we first determine the first- 
order steady-state transverse response, then the second-order steady- 
state longitudinal response which is excited by the first-order transverse 
oscillation, and finally, by (84c) the resulting tension caused by trans- 
verse motion. 


p.4 Transverse Response 
At the ship we assume a harmonic forcing function 
Qo(t) = A cos owt, (90) 


and we introduce complex exponential representation 
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iw t 
qm = Re Qi(x) e™, 
iwt 
m= Re Hy(f) cy 


where the factor e*”’ will be henceforth suppressed. 
The solution of (86a) and (87a) for the steady state may then be 
written 


Q1 (2) B, exp es + B, exp (- a) 
Co C2 


Hy(¢) = F; exp (mg) + Fs exp (@f), 
where the B’s and F’s are complex constants and gq, and q: are the roots 
of the quadratic 


2 
2 . Ww 
— 6q — +— = 0. 
q q — wy PE 


Throwing away the root of this equation which corresponds to the in- 
coming wave in water, we get 


Hy(¢) = F exp (mi). 


where qi is the root corresponding to the outgoing wave. The three com- 
plex constants B,, B. , and F can now be determined from (89a), (89b) 
and (90) 


& 
a 
= 


= A/e, 


tol, 4 
By exp Ea -+ Be exp (- ‘elt —F=0, (91) 
= | Bs exp Uae Be exp (- ish) | — mF = 0. 
Co Ce Ce 
We note that B, , Bz and F are proportional to the amplitude A of the 


forcing motion. 


pD.5 Second-Order Longitudinal Response 


From the preceding results, the right-hand sides of the equations of 
longitudinal motion (86c) and (87c) can be computed. This computation 
for (86c) results in 
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2 3 
1 ] Co a) 
Cy 2 Cy C2 


Xx I sin “er + rez cos 2a) COs 2wt 


2 Ce 


2, 2 7 
+ (> cose T4 sin 2a sin 2wt 
Co Cc 


2 


. 2Lwx 2wx 
+ rs sin —— -++ re cos — |, 
Ce C2 


where the r’s, which are proportional to the square of the amplitude A, 
are 


r, = Re (BY + B-), 
T2 = Im (BY = B.’), 
r= Re (BY = Bs): 
rs = Im (BY + B,), 
5 = 2Re BB. ; 

2.2 

€ 12 


T= 15 + ye 


|The quantity r¢ will be used subsequently.] Similarly, for the right-hand 
side of (87c) we get 


1 = ; 
mr (4 mu — ns) = e "l(a cos 2of¢ + ay sin 2c) cos 2wt (93) 


+ (a sin 2of — a2 cos 2cf) sin 2wt + asl, 





where 
na = — (p + 10), 
IF, [fo 
a = | au | a cos (2f + g) + | qm | cos (2f + 39) |, 





= EE wif (2) snr to + laf sin ef + 30 | 


ri{(2) +iafle. 


i=} 
oo 
ll 
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and 


f = arg F, 0 


IA 


f 


IIA 
bo 
A 


IIA 
IA 


hola 


g=arg(-qm), O89 


It is seen that expression (92) and (93) have terms of the form 


sin 2wt 
ray 2Qut (94) 


in addition to functions of x (or £) alone. In accordance with the idea 
that the first order transverse motion is a forcing action on the second 
order longitudinal motion, we take as solutions of (86c) and (87c) func- 
tions of the form 


sin 2wt 
G(x) ee Quwt 


to correspond to terms of the type given by (94) and functions of x (or ¢) 
alone to correspond to forcing terms which are independent of time. This 
again gives linear differential equations which can be readily solved. For 
example, corresponding to the first term in (92) multiplying cos 2wt we 
have the assumed solution 


G(x) cos 2wt, 


and the differential equation 


2 2 2 3 
aG + 4” G = 1 (2) as |(2) E sin Zu + Tr; COS za < 
da? cr 21 \c Ce Co Ce 
This has the solution 


G = E cos + Ay sin 2 + a(n ress + 72 cos 2a), 
C1 C1 8€2 C2 Ce 
where A; and A, are undetermined constants. 

In this manner, the solution for the longitudinal motion can be ob- 
tained in terms of a set of constants. These in turn can be evaluated by 
means of the boundary and transition conditions on pe . This evaluation, 
although straightforward, is very tedious. We shall omit the details of 
it here. The final result is 
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Air: 
2 27n4 
eT, = ew BA {[ sin maned -- (x + os v4 Sin dul, 
Ac1C2 Cy Co Cy 
eal 15 COS 72h No = ah a s,| cos 2wt + E sin Zl, 
C2 C1 Cy 


(n+ Sn cos 288 + = sin 72F) oo 5“ 2 4 oy sin 2w¢ 
1 1 


C2 | : Qua dul ( _ wr, Zul) | F at 
+ — T5 | COS ——- — COS —— }] — 7fe2{ SIN — — SIN — ] — —— 
C1 Co C2 Co C2 4 ’ 


Water: 


2 2H7 
eT, = ew LA |- ra cos “2H + 73 sin 228 
1 1 





AciCo 
+ — st sin 22 (», sin Zul, — 1. COs 22h) | sin 2w ( ae 
Co Cy C1 ; Cy Cy 
+r sin 20 + ry 60s "2 + Ss in 22 (r, ace 
ee 1 


+ 74 cos =) cos 2w (: — c) —|F| 2.02 at 
Cy C1 Cy 6 


p.6 Numerical Results 


Since the r’s are each proportional to the square of the amplitude A, 
the above results indicate that the transverse motion tension varies as A 
squared also. It is additionally a function of the frequency of ship motion 
w, the forward mean ship velocity V, and the stationary tension 7’) . The 
computation of the transverse ship motion tension for the laying situa- 
tion was carried out for cable No. 2. The results are shown in Fig. 34. 
Here we have denoted the transverse motion tension by 7, and have 
plotted 7,/A” against the period of ship motion 7. Rather than the 
stationary tension 7’) , we have used the depth h, which during laying is 
directly related to 7’) by h = T/w. Fig. 34(a) is a plot of 7',/A’” versus 
the period r = 27/w for h = $, 2 and 3 nautical miles and for V = 6 
knots. Figure 34(b) is a plot of 7',/A” versus 7 for V = 3, 6, and 9 knots 
and h = one nautical mile. 

For representative laying, for example at 6 knots with a ship period 
of 6 seconds into a depth of one nautical mile, Fig. 34 gives 
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T/A’ = 0.50 lb/ft? (twist unrestrained), 
T,/A’ = 0.93 lb/ft? (twist restrained). 
For an extreme value of A = 20 feet, we get therefore that T, is be- 
tween 200 and 370 pounds. 
Additionally, by means of the above analysis, one can compute the 


rate of damping of a transverse disturbance after it enters the water. 


The results of this computation are shown in Fig. 18 and are discussed 
in Section 4.1. 


a SHIP SPEED=6 KNOTS cl OCEAN DEPTH=1000 FATHOMS 


e-= TWIST RESTRAINED 
——— TWIST UNRESTRAINED 


aa KNOTS: 





Tg /A? (LBS/FT2) 


4) 








PERIOD OF TRANSVERSE SHIP MOTION IN SECONDS 


Fig. 34 — Variation of the transverse ship motion tension of cable No. 2 
with the period of ship motion. 


APPENDIX E 
Tension Rise with Time for Suspended Cable 
E.1 Formulation of the Solution of the Problem 


Let O be the lowest point of the cable at time ¢ after the suspension 
has begun (Fig. 35). We make the following definitions: 


h = depth at onset of the suspension, 


S: = cable length from A to 0, 
Se = cable length from ship at B to 0, 
X, = horizontal distance from A to 0, 
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Xe 
6 


horizontal distance from B to 0, 


vertical distance from A to 0, 
T) = cable tension at 0. 


If the cable is being paid out with a slack e, then conservation of the 
total cable length gives the equation 





S,+ 8: = + (1 + —)Vét + cable stretching. (95) 


sin a 





Fig. 35 — Coordinates for the analysis of tension rise when a cable is com- 
pletely suspended. 


It is assumed that there is no cable pulled from the bottom. The cable 
stretching we evaluate as in the example of Section 3.6, viz., 


a To 
cable stretching =(S: + Sz) FA’ 
This makes (95) read 
h i T 
8: + & =~—+4+(1+4)Vti4+ Gi + &). (96) 
sin @ ELA 
To obtain further relations for the unknowns appearing in (96), we 
assume that from the ship to point 0 the cable configuration is a station- 
ary one governed by the equations developed in Section 3.6, while from 
points 0 to A we assume that the cable configuration is a static catenary. 
These assumptions yield the following relations: 


S,; = Ls sinh o, (a) 
w 


g bts 


2 


a pe (b) 


sin a w 
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APR Te 
BP eae at (c) 
i= 1 (cosh « — 1), (d) (97) 
WwW 
h 
Xo+ X, = ——+4 Vi, (e) 
tan a 
= wx, 


Here x and X are constants, defined and plotted in Section 3.6, which de- 
pend only on a, the critical angle corresponding to V. Equations (96) 
and (97) form a complete set of equations in the unknowns X1, X2, 
S,, Se, To, Ts , 6, and o. They can be reduced to a set which contain 
only the unknowns o and 7; : 





gi(c) sin a — eg2(c) sina — i+ + et ye sin «) =0, (a) 





(98) 
a (b) 
g2(c) 
where 
h = wh/EA, 
t = Vt/h, 
T, = T./wh, 
and 


g, = sinh o — o + (cosho — 1) tan= — (A — xk), 


3 
cosh « — 1 
OS ana 
3 = cosh ¢ — 1 —_- + ginh o. 
sin @ 


A graphical iteration method will be used to solve (98). First we solve 


gi(c) sina — ego(c) sina —h = 0 (99) 
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for o by means of a nomograph to be described later. Next the quantities 
cosh o ¢3(c) 
gro) ? g2(a) 
are plotted as functions of ¢ for various a. These plots can then be used 
as follows to solve (98) for a given #. Solve (99) to obtain oo). From the 
plot of ¢3(c)/g2(c) sin a compute 


hi* = a(. 4. Galo) 3 sin x). 
$2(00) 


sin a, 


Using the value h,* for h, compute o; from (99). With this value of o; , 
compute f,* from 





he* = (1 + gala) ; sin «) , 
¢2(o1) 
etc. In this way a convergent sequence oo, 01, °°: , on is generated. 
Finally, from the plot of cosh o/g2(c) obtain 7, . 

The above iteration procedure sounds tedious. Actually, in most cases 
the iteration is not necessary because o remains essentially independent 
of time. Thus, the solution of (99) by means of the accompanying nomo- 
graph will usually give the complete solution of the problem. 


4.2 Nomograph (Alignment Chart) for the Solution of Equation (99) 


The relations 


10¢2(c) d sin a 
1 + 10¢2(c) sin a’ 


is mn gi(c) sin a 
10°?) ~ T+ 10y2(e) sin a’ 


uy = 0, v2 = d, v3 = 
(100) 
W=h w= 





where d is an arbitrary constant define parametrically three curves 
Yi = Y(t), t= 1, 2,3, 


which we imagine plotted on a cartesian (a, y) coordinate system. A set 
of values h, «, and o determine three points (z;, y;) (¢ = 1, 2, 3) which 
lie on these curves. If these points lie on a straight line, it can be shown 
that they satisfy (99). 

On the left-hand sides of Fig. 36 we have plotted the curves given by 
(100) for various values of the critical angle a. The values of the parame- 
ters h = wh/EA and «, which describe the curves y, = y:(x1) and 
Yo = Y2(X2) respectively, are plotted on the indicated scales. Rather than 
indicate the values of ¢ along the curve y; = y3(%3) we have for con- 
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0.008 a 0.08 
0.007 ae 0.07 
0.006 = 0.06 
< 0.005 0.05 
on 
= 0.004 0.04 
ne 
SE le | be (7 7 
= pee TT 
Y3(7) vs 7 - 
mt YA TAT hunse 7 
1 
TA CALE eT 
0.008 E 0.08 
0.007 = 0.07 
SR eee 
< wee? Pal / ‘7, 0.05 
‘ TEE Ae 
= 0.004 , 0.04 
MEG Een 4 
TTT ATT a 
| freer 


Vi 
tT A LL FI  [uwreet 
7) HH 0.01 
| | hl | WA | | | | 
0 


04 0.8 1.2 16 2.0 22 24 
oe 





Fig. 36 — Nomograph for the solution of equation (99). 


venience made an auxiliary plot on the right-hand sides of Fig. 36 of 
y3(o) versus o, but with numerical values of the ordinate omitted. 

In addition, we have plotted in Figs. 37 and 38 the functions 
1/¢2 (cosh o) and (y3/g¢2) sin a for various a. 


£.3 Numerical Example 


To illustrate the method of obtaining the tension rise with time 
described above, we consider a numerical example for cable No. 2. The 


1200 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957 




















IN 
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LN 
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cosha/¢2(r) 



































ie) 
fe) 02 04 06 08 10 12 14 16 18 20 22 24 2.6 
Ce 


cosh « 


d2(c) 





Fig. 37 — Variation of with o. 


values we assume for the parameters which enter the calculation are the 
following: 


e = 0.02, 
V = 6 knots, (a & 12°), 
h = 6,000 ft, 

EA = 1.2 X 10° lbs, 

h = 3.1 X 10°. 


To solve (99), we connect on Fig. 36 the points e = 0.02 and h = 
wh/EA = 0.0031 with a straight edge and note the intersection with 
the intermediate ys; = y3(v3) curve for a = 12° (point A). We then locate 
the point on the y3 versus o curve having the same ordinate (point B). 
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Finally, we obtain the root of (99), ¢ = 0.555 by reading off the cor- 
responding abscissa (point C). This value of o now serves as the starting 
point in the iteration procedure by which we find the tension correspond- 


ing to a given ¢. 


For example, for ? = 1.0 (¢ = 600 seconds) we have the following se- 


quence of values 


00 
O71 
02 


with o converging to the value 0.580. For o = 0.580, Fig. 37 gives 


o (gs sin @)/¢1 h* = h(L + (g; sin a) t/¢al 
= 0.555 0.212 0.00379 
= 0.580 0.213 0.00380 
= 0.580 


cosh o/g, = 0.800. 


Hence, by (98b) for ? = 1.0 


T, = 1.80, 


and 7’, = 1.80 wh or 7,600 pounds. 















aan 


nena meme 
ooo 
CATIA 
COCA 
COCA 


° 





$3(c) 
dx(o) 





with o. 


Fig. 38 — Variation of sina 
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APPENDIX F 
The Three-Dimensional Stationary Model 
F.1 Derivation of the Differential Equations 


Let 2, 7, & be unit vectors along the &, 7, ¢ axes (Fig. 26) and? a unit 
vector along the tangent to the cable configuration in the direction of 
positive s. As in the two-dimensional model, we take this to be opposite 
to the direction of travel of the cable elements along the configuration. 
With respect to the cable configuration the resultant velocity vector of 
the water is in the —7 direction. We resolve this velocity into directions 
normal and tangential to the cable in the plane formed by 7 and?. The 
unit vector in the normal direction we denote by n, namely, 


_ -it G-di 
| -i+ @-bt| 
In analogy to the two-dimensional model we assume the normal and 


tangential drag forces depend only on the corresponding water velocity 
components. Thus, we take 


(101) 








Dy = C20 (i-nV)”. (102) 
Equilibrium of the forces acting on a cable element yields the equation 
pe 7 Es ide + Dy — jw = oa. (103) 


The vector a denotes the acceleration of an element of the cable as it 
moves at the constant pay-out velocity V. along the cable configuration. 
It is easily shown that 
aay. (104) 
ds 
For convenience we introduce a second reference triad of orthogonal 
unit vectors aya and p » as follows. The » vector is taken in the (é, s) plane 
normal toé; the % vector is chosen equal to the vector product » X wy 
The angles y and @ shown in Fig. 27 describe the orientation of the (Zé, 
u, v) triad. In terms of these angles, we read from Fig. 27 the following 
table of direction cosines 


~ ~ - 


a j k 
t cos 6 cos w sin @ —cos 6 sin 
uU —sin @ cos cos 6 sin 6 sin y 
v sin y 0 cos y 
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In the (¢, u,v) system the vector n becomes for example 


u sin 8 cosy — v siny 
[sin? 6 cos? y + sin? y]?” 


Imagine the origin of the (¢, u,v) triad to traverse the cable at unit 
velocity. The triad during this traverse rotates like a rigid body with 
respect to the fixed (£, 7, ¢) frame. The rotation, which we denote by Q, 
is seen from Fig. 27 to be 

Q=jit+v6=ucosspvtv6t+ie snoy. 
Here the dot denotes differentiation with respect to time, or since 
ds/dt = 1 it may be interpreted as differentiation with respect to distance 
along the cable. The vector ¢ is a fixed vector of constant magnitude in 
the rotating (¢, u,v) triad, hence 
3X7 = td — deosay. (105) 


From (101), (102), (104), and (105) we obtain for (103) 


n= 


(T oa peVe) (ud = » COS 0 ) + i(f qP Dr) 


orl 


+ ~PF"" (sin’ 6 cos’ y + sin’ y)’ (4 sin 0cosw —vsiny) (106) 


— wu cos6 + ¢ sind) = 


which gives the three scalar equations, (47). 
Further, let r(s) be the cable configuration, 1.e., 


r(s) = 7% &(s) +7 n(s) + k &(s), 


where £(s), n(s), and ¢(s) are the é, 7, ¢ coordinates of a point s of the 
cable. Then 


* _ a wR 











3 7 AEs) 
ds 


+7 +i 


Forming the scalar product of ¢ with 7 1; j as ee we get (48) of 
Section 7.1. 

In a 6, ¥, T space the solution trajectories of (47) are given by the 
solutions of 


A(cos’ w sin? 6 + sin’ y)* cos ¥ sin 6 — cos 6 
D;/w — sin 6 : 
» dy  A(cos’ w sin’ 6 + sin’ y)’ sin y 
(T = peVe ) = r . 
aT cos 6(D;/w — sin 6) 


(T — Ve) = = 
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We see that the trajectories are periodic in both 6 and y with a period 
of 27, and only a single region, say 
0<0< 2r, 
0S y S27, 
need be considered. It is apparent that the straight lines 
(l)¥=0, 0=a; Q)y=0, 0 
(3) Y =f, 6 = 27 — a; (4) p=, 0 


at; 


tT Oy 


I 


are solution trajectories which contain all values of 7. Along other solu- 
tion trajectories in this region one easily verifies that 


PP Pc Ve 
Ww 


| (2: — sin s) do 
“a 1 — exp at a : 
6, A{cos? ¥(@) sin? 6 + sin? w (6)]} cos ¥(@) sin @ — cos 6/’ 


where y = (6) is obtained from the solution of 








dy _ [cos 8 — A(cos’ y sin? 6 + sin’ ¥)? cos y sin 6] cos 0 
dé | A(cos? w sin? 6 + sin? y)? sin y , 


From the definitions of y and @, it follows that the lines (8) and (4) are 
physically identical with lines (1) and (2), and represent straight-line 
laying and recovery respectively. Likewise, the expression for 7’ shows 
that any non-straight line trajectory with zero bottom tension is bounded 
by peV'/w. Hence, as in the case of the two-dimensional model, we con- 
clude that if the tension is somewhere greater than p.V. /w and the bot- 
tom tension is zero, the only possible stationary configuration is the 
straight line lying in the plane of the resultant ship velocity and gravity 
vectors, and making the critical angle a with the horizontal. 


F.2 Perturbation Solution for a Uniform Cross Current 


At the outset we assume the tangential drag force to be zero. This 
gives by (49) 


T = wh + n), (107) 


where hi is the total ocean depth. Furthermore, we take p.V.’ to be zero. 
If the angle ¢ (Fig. 26) is small compared to unity, we assume that 6 
and y will vary only slightly from the values they would have if the 
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upper, cross-current stratum extended all the way to the ocean bottom. 
That is, we take 6 and y to be of the form 


6 =a’ + 6, 
v=4, 
where a’ is the stationary incidence angle corresponding to the velocity 
V’, and 6 and y are assumed small compared to unity. 
Substituting (48b), (107), and (108) into (47a, b) and retaining only 


linear terms in 6, w and their derivatives, we get the linear first order 
equations 


(108) 


(h + ne + (2ctn’a’ + 1)6 =0, (a) 
Uy] 
Z (109) 
dy 209% 
ee a (b) 
Because in the lower stratum the cable is a straight line parallel to the 
path of the ship, we have as boundary conditions: 


y= ¢, 
where h’ is the depth of the upper, cross-current stratum and a is the 


stationary incidence angle corresponding to the velocity V. 
The solution of (109) for the boundary conditions (110) is 


7 hah ye 
i= (PEE) no, 


»fG@=a-ea, 
n= —h, " (110) 


, HY (111) 
ace (; + “) ms 
where 
p = (2 ctn’o’ + 1), 
y = cse’a’, (112) 
Aa =a— a. 


Equation (48) for the space-coordinates £, 7, and ¢ of the cable in turn 
can be written to terms of first order in the form 

de 

dn 


dg 
dn 


= ctna’ — bese’a’, . 
(113) 


=— yetna’. 
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Substituting (111) into (118) and integrating under the condition that at 
n = 0,& = Oand¢ = 0, we find 


- ,, (h—-W)da 2, i - hI 
E = nctna + Qs) CSC a | aye eo ) 
(h — h’) 1 1 oe 
p= etn’ BHM td. 
G2) ° Lato 


These equations describe the space curve formed by the cable in the 
cross-current stratum. 

To determine the distances d and e¢ (Tig. 82), we transform (114) for 
the cable configuration to coordinates é’ and ¢’ oriented along the ship’s 
path and normal to it respectively by means of 


( = cose — ¢ sing, 
t’ = ésing + ¢ cosg¢. 


The result to terms of the first order is 





so , (h as h') Aa 2r 1 a 1 
g ae nctna + (u _ ye a ae nye | ; 
ro * , etna (h =e h’) | 1 es ] ) 
6 =¢ (tne aT (v es 1) (h + n)’} hy-} : 
Letting » = —h’ and denoting the corresponding values of & and ¢’ 


by —d and —e respectively, we obtain (52). 
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Theory of Curved Circular Waveguide 


Containing an Inhomogeneous Dielectric 


By SAMUEL P. MORGAN 
(Manuscript received February 25, 1957) 


Generalized telegraphist’s equations are derived, following Schelkunoff, 
for all modes in a curved circular waveguide containing an inhomogeneous 
dielectric. Particular attention 1s paid to the coupling between the TEo1 
mode and other modes in the curved guide. The results are applied to the 
problem of preventing the mode conversion from TE, to TMi which nor- 
mally occurs in a curved round waveguide, by partially filling the cross 
section of the curved guide with a suitably shaped dielectric, such as poly- 
styrene foam. Design equations are given for various compensators, and 
criteria are set up for keeping the power levels of all spurious modes low in a 
compensated bend. Dielectric losses, which may be important at millimeter 
wavelengths, are briefly treated. The potentialities of different compensator 
designs are illustrated by numerical examples. 


INTRODUCTION 


It has been recognized for several years that a major problem in the 
transmission of circular electric waves through multimode round wave- 
guides is the question of negotiating bends. Theoretical studies” *" ° have 
shown that a gentle bend couples the TE mode to the TE, , TE, 
TEs, -:: modes and to the TM; mode. The TM, mode presents the 
most serious problem, since it has the same phase velocity as TE in a 
perfectly conducting straight guide. It follows that power introduced in 
the TE, mode at the beginning of a gradual bend will be essentially 
completely transferred to the TMi, mode at odd multiples of a certain 
critical bending angle 3,. The angle %, is proportional to the ratio of 
wavelength to guide radius but independent of bending radius; in other 
words, power transfer cannot be avoided merely by using a sufficiently 
gentle bend. 

S. E. Miller* has discussed a number of methods for transmitting the 
circular electric wave around bends with small net power loss to TMy . 
These methods are of two general types. 
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In the first type the TE, mode, which is not itself a normal mode of 
the curved guide, is deliberately converted to a combination of TE 
and TM, which is a normal mode, or to a particular polarization of TM 
which is another normal mode of the curved guide. After traversing the 
bend the energy is reconverted to TE . A disadvantage of the normal- 
mode approach is that the mode conversions necessary at the ends of 
the bend are frequency sensitive, so that bandwidths appear to be 
limited to the order of 10 per cent. 

A second approach to the bend problem is to break up, by some modi- 
fication of the guide, the degeneracy which exists between the propaga- 
tion constants of the To, and TM, modes in a perfectly conducting 
straight pipe. The two modes are still coupled by the curvature of the 
guide, but as Miller has shown, themaximum power transfer will be small 
if there is sufficient difference between the phase constants or between the 
attenuation constants of the coupled modes. A difference in phase con- 
stants may be provided, for example, by circular corrugations in the 
waveguide wall, or perhaps most easily by applying a thin layer of dielec- 
tric to the inner surface of the guide.” Differential attenuation may be 
introduced into the TM, mode by a number of methods, in particular 
by making the guide out of spaced copper rings or a closely-wound wire 
helix surrounded by a lossy sheath.° Unfortunately, the larger the guide 
diameter in wavelengths the more difficult it is to get the separation of 
propagation constants necessary to negotiate a bend of given radius 
satisfactorily. 

Still another solution of the bend problem is to decouple the TE 
and TM), modes in a curved guide by partially filling the cross section 
of the curved guide with dielectric material. The dielectric must be 
arranged to produce coupling between the TE; and TM, modes which 
is equal and opposite to the coupling produced by the curvature of the 
guide. This condition may be satisfied in a great variety of ways; but it 
is not the only requirement for a good bend compensator. Practical re- 
strictions are that the power levels of all other modes which are coupled 
to TE by the dielectric-compensated bend must be kept low, and of 
course dielectric losses in the compensator must not be excessive. 

Part I of this paper treats the general problem of a curved circular 
waveguide containing an inhomogeneous dielectric. A convenient formu- 
lation of the problem is provided by 8. A. Schelkunoff’s generalized tele- 
graphist’s equations for waveguides.’ The field at any cross section of 
the dielectric-compensated curved circular guide is represented as a 
superposition of the fields of the normal modes of an air-filled straight 
circular guide. A current amplitude and a voltage amplitude are asso- 
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ciated with each normal mode, and the currents and voltages satisfy an 
infinite set of generalized telegraphist’s equations. The coupling terms 
in these equations depend upon the curvature of the guide axis and upon 
the variation of dielectric permittivity over the cross section. In the 
present application, the distribution of dielectric is taken to be independ- 
ent of distance along the bend.* 

The generalized telegraphist’s equations for all modes in a curved 
circular waveguide containing an inhomogeneous dielectric are set up in 
Section 1.1. As a special case one has the equations for an air-filled 
curved guide, or for a straight guide with an inhomogeneous dielectric. 
In Section 1.2 we transform from current and voltage amplitudes to the 
amplitudes of forward and backward traveling waves on a system of 
coupled transmission lines and in Section 1.3 we work out in some detail 
the coupling coefficients which involve the TE», mode. An approximate 
formula for dielectric loss in a compensated bend, which is valid at least 
in the important practical case when the relative permittivity of the 
dielectric differs but little from unity, is given in Section 1.4. 

Part II applies the foregoing theory to the design of bend compen- 
sators for the TE), mode. In a well-designed compensator the ampli- 
tudes of the backward (reflected) waves are very low, so we shall neglect 
reflections. The amplitudes of the spurious forward waves should also be 
low compared to TE , so that we may consider them one at a time. We 
assume that the TE); mode crosstalks independently into each spurious 
mode, and represent the interaction between modes by a pair of linear, 
first-order, differential equations in the wave amplitudes. Miller’s treat- 
ment’ of these equations is reviewed in Section 2.1, and applied in Sec- 
tion 2.2 to TEo,-TMn coupling in plain and compensated bends. Some 
results of the Jouguet-Rice theory’’’ for plain bends are confirmed by 
coupled-line theory. The condition for decoupling TE, and TMy in a 
compensated bend is written down, and the consequences of imperfect 
decoupling are discussed. 

Three different compensator designs are described in Section 2.3, and 
evaluated with regard to mode conversions and approximate dielectric 
losses. In the first case, which may be called the ‘geometrical optics”’ 
solution, the permittivity is supposed to vary continuously in such a way 
that a bundle of parallel rays entering the bend would be bent into co- 
axial circular ares all of the same optical length. This is not a perfect 
solution of the problem if the wavelength is finite, but it is of some 

* We shall not consider the effects of random inhomogeneities, such as bub- 


bles in polystyrene foam, although these might conceivably add to the mode 
conversion if their dimensions were comparable to the operating wavelength. 
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theoretical interest nevertheless. In the second case, a dielectric sector of 
constant permittivity is attached to the inner surface of the bend nearest 
the center of curvature; the angle of the sector is determined to satisfy 
the decoupling condition. Such a sector may be an effective compensator 
if the guide is small enough to propagate only 40 to 50 modes at the 
operating frequency, as, for example, a 4-inch guide at a wavelength of 
5.4 mm. Finally, we consider a compensator made of three dielectric 
sectors, whose angles and spacings are chosen to decouple the modes 
(TE,; and TE3,) with phase velocities closest to To: . The three-sector 
compensator may be necessary if the guide is large enough to propagate 
200 to 300 modes, say a 2-inch guide at 5.4 mm. 

In Section 2.4 we investigate the effect of increasing the attenuation — 
of the spurious modes generated by the compensated bend. The con- 
clusion is that it is not feasible to add enough loss to the worst spurious 
modes to reduce appreciably the power which they abstract from TEq . 

As a sample of numerical results, it appears possible to negotiate a 
90° bend of radius 20 inches in the 7-inch guide at 5.4 mm with an inser- 
tion loss of about 0.3 db. This assumes a single-sector polyfoam compen- 
sator with a relative permittivity of 1.036 and a loss tangent of 5 X 10° 
(polyfoam with approximately these constants is currently available). 
About 0.2 db of the quoted loss is due to mode conversions and 0.1 db to 
dielectric dissipation. For a 2-inch guide with a three-sector polyfoam 
compensator, a bending radius of about 12 feet appears feasible. The total 
loss in a 90° bend should be about 0.35 db, with approximately 0.1 db 
going into mode conversion and about 0.25 db into dielectric dissipation. 
The dielectric loss is proportional, of course, to the total bend angle, and 
for a 180° bend would be double the above figures. 








CENTER OF CENTER OF 
CURVATURE CURVATURE Z 





Fig. 1 — Coordinates used in circular bend in circular waveguide. 


CIRCULAR WAVEGUIDE WITH INHOMOGENEOUS DIELECTRIC 1213 


The appendix contains brief descriptions of three dielectric compen- 
sators which can be inserted in a straight section of guide adjacent to a 
bend. The first two are transducers which convert TI{q to a normal mode 
of the curved guide; they are subject to bandwidth limitations as men- 
tioned by Miller.® The third type merely takes the output mixture of 
TE and TM, from a plain bend with a pure TE; input, and reconverts 
it all to TE; ; it is essentially a broadband device. The spurious modes 
generated by a bend plus compensator have not been calculated, but it 
is very unlikely that a smaller bending radius will be permitted when the 
compensator is outside the bend than when it is inside. 


I. THEORY 
1.1 Generalized Telegraphist’s Equations 


To describe electromagnetic fields in a curved circular waveguide one 
is naturally led to use “bent cylindrical coordinates” (p, ¢, z),""7"* in 
which the longitudinal coordinate z is distance measured along the 
curved axis of the guide, while p and ¢ are polar coordinates in a plane 
normal to the axis of the guide, with origin at the guide axis. The lines 
g = 0 and ¢ = z lie in the plane of the bend. The radius of the guide 
is denoted by a and the radius of the bend (i.e., the radius of curvature 
of the guide axis) is denoted by b. The coordinate system is shown in 
Fig. 1. | 

For the moment regarding (p, ¢, z) as general orthogonal curvilinear 
coordinates (u, v, w), we let 


U=p VFy, Wz, (1) 


The element of length in this system is 


ds’ = ejdu’ + e'dv’ + es dw’, (2) 
where 
é¢ = 1, es = Pp, ég=1+é, (3) 
and 
= (p/b) cos ¢. (4) 


twt 


Maxwell’s equations for a field with time dependence e™ may be 
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written in the form:” 


1 | 0 


— |2 (esEw) — = (e2Ey) 


—1twyH 
€2€3 | Ov : 


€3€1 ow 


1 0 0 
ae 2 (e.H,) 3 ap (eu) 


—iwpH. 
€1€2 si 


| = 
ae E (aH.) — ~ (et) | = —topll, , 
| - 


(5) 
1 


€2€3 


0 6] 
2 (esHw) _ aw (eH a) 


1 | 0 9 . 
ee: E (aHy) — om (ll) | = luell, , 


1 0 re] ' 
2 [2 em) — 2 (atta | = teeta. 


In these equations the permeability » and the permittivity « may be 
functions of position. If there is dissipation in the medium, either e¢ or uv 
or both may be complex. 

To convert Maxwell’s equations into generalized telegraphist’s equa- 
tions, we introduce the field distributions characteristic of the normal 
modes of a straight, cylindrical guide filled with a homogeneous dielec- 
tric. The derivation follows very closely that given by Schelkunoff” for 
an inhomogeneously-filled straight guide. Each mode is described by a 
transverse field distribution pattern 7'(u, v), where Tu, v) satisfies 


2 1 0 e, OT 0 e, oT 2 
ee | Se Vee yee ap 6 
us €1€2 2(¢ T)+3 (a | ane 6) 


and x is a separation constant which takes on discrete values for the 
various TE and TM modes. We shall denote the function corresponding 
to the nth TE mode by Tn)(u, v), and the separation constant by xn , 
with the subscript in brackets. The normal derivative of T'[,) vanishes 
on the perfectly conducting waveguide boundary. Similarly the function 
corresponding to the nth TM mode is denoted by 7'q(u, v), and the sepa- 
ration constant by xi) , with the subscript in parentheses. The function 
T (ny vanishes on the boundary of the waveguide. For the present the 
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modes may be assumed to be numbered in order of increasing cutoff 
frequency; later when we have occasion to refer to specific modes we 
shall replace the subscript » by the customary double subscript notation 
for TE and TM modes in a circular guide. 

The 7'-functions are assumed to be so normalized that 


i (grad 7’)-(grad T) dS / (flux T)- (flux T) dS 


(7) 


I 


¢ [ras =1, 
Ss 


where S is the cross section of the guide. The gradient and flux of a 
scalar point-function W are transverse vectors with the following com- 
ponents: 


ow ow 
grad. W => edu’ grad, W = e200’ és 
fiw. tease 

€20V €10U 


Various orthogonality relationships exist among the T-functions corre- 
sponding to different modes of the guide, and among their gradients and 
fluxes. These relationships have been listed by Schelkunoff.” 

The transverse components of the fields in the curved guide may be 
derived from potential and stream functions, U and W for TE waves 
and V and II for TM waves. Thus 


Hy; = —grad V —flux WV, (9) 
A, = flux II —grad U. 


We now assume series expansions for the potential and stream functions 
in terms of the functions 7'(u, v), with coefficients depending on w. Let 


V 


I 


—>Vi(w) Tau, 0), = = —Tm(w) Pou, 2), 


10) 
—2Vim (w) Tin (u, v), U = 2d in}(w) Tinj(u, 2). 


V 


The J’s and V’s have the dimensions and properties of transmission-line 
currents and voltages. If we substitute (10) into (9) and expand in 
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components by (8), we obtain: 


OT OT in 
i= > | Veo 4 Viny =z a 


























edu e200 
BE, = > | Few ae — Vim ret (11) 
n= D | is —a + Lin zai 
He = & tos Sag + tn | 


For the longitudinal field components it is convenient to expand the 
combinations e;f,, and e3H,, in the following series: 


C3liy = DX Vo mW) Deny (u, v); 


(12) 
exw = DXinLw, tn (w)T tm (u, 0). 


It should be noted that the boundary conditions in the curved circular 
guide are 
= hy: = 0 (13) 


at the boundary of the guide, and that these conditions are satisfied by 
the individual terms of the series for #, and E,, on account of the 
boundary conditions already imposed on 7’) and Tn). Hence we do 
not have the problem of nonuniform convergence which sometimes 
arises in treating waveguides of varying cross section by the present 
method. 

The procedure for transforming Maxwell’s equations into generalized 
telegraphist’s equations is now straightforward, if a trifle tedious. One 
substitutes the series (11) and (12) into equations (5), and integrates cer- 
tain combinations of the latter equations over the cross section of 
the guide, taking account of the orthogonality properties of the T- 
functions. For example, subtracting 07 (m)/e2,dv times the first of equa- 
tions (5) from 07 '(my/e,du times the second equation, and integrating over 
the cross section, yields 
oY 3 Xm) Vogt) 


= -iw >) ke [ wes (grad T (ny) - (grad Tim) dS (14) 


+ Din [ve (grad T (my) + (flux T'tn3) as|, 


Adding 07 (mj/e,du times the first equation to 07 [mj/e2dv times the second 
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and integrating gives 





oY inl Sass | Zo ‘| nes (grad Tig) flux Tea) dS 
n Ss 
(15) 
+ Tiny [ pes (grad T'tm)- (grad Tin) as| 
Similarly, from the fourth and fifth equations we get 
ow = —w)>, ie | e¢3 (grad T my) «(grad Tn) dS 
n Ss 
(16) 
+ Vin [ e€3 (grad T' (my) + (flux Tin) as|, 
Ss 
dl tm 
aa — XtmLw, tm) 
= —lWwW > | Fes / €€3 (grad Las) ° (flux T tm) ads (17) 
n Ss 


—Vinj [es (grad Tim) - (grad Tn) is| 


From the third of equations (5) using the fact that the 7-functions 
satisfy (6), then multiplying through by 7’, and integrating over the 
cross section, we get, 


Vimy = —tw 2d Zw, {n)X 01 [eote ds. (18) 
Similarly, from the sixth equation, 

Lem = —is D Vovoxen | -P= © as. (19) 
These equations may be written in the form 


Zw tm (n}lw, tn) 
Vin) = -D—eeeeeae 
n Xm] 


Ys V, )) 
Tem) = = >- w,(m) (n) asta) 
n X(m) 
where we define 
; T ale te 
Zw,{m\{n] = WX tm X in} [eee ds, 
(21) 


; rel Lees bi 
Yo.) @) = WX (m)X (n) [@*~ as. 
8 3 
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Solving (20) for Zw,tmy and Vw,cm) in terms of Vin) and J(n) respectively, 
we may write 
[ici Sy eet 


n Xim 
[m] (22) 


Zw, (ma) (n) oe 
n)9 


Vujm) = — 
n X(m) 


where Yw,tmj{nj aNd Zw,cm nm) May be defined as the ratios of certain de- 
terminants involving Zyjpmjtn) ANd Yw,cmy(ny respectively .* 

We are now able to eliminate Vy¢m) and Iwy,tmj from (14) and (17), 
and to write down the generalized telegraphist’s equations for the 
curved circular waveguide filled with an inhomogeneous dielectric in 
the following form: 














dV m 
a = =D [Z (my(nyl (ny  Zemytnjl tn] , 
dV m 
a = 22, [ZtmycnyLiny + ZmitniZ tn], 
dl ) 
a = — [Yuma Viy + YoutaV tail, 
W n 
dl tm 
7 VS SV imnyVieny + Yemini V til 
W n 
The impedance and admittance coefficients are defined by: 
Zm)(n) = tw [ pes (grad Tm) (grad T (ny) dS + Zw,cm)n)s 
Zim){n] = [ pes (grad T my) (flux Tyr) a8, 
Zoe = tes | pes (fax Tom) (grad Ton) a8, 
Zin = te f wes (grad Tim) (grad Ten) aS, 
(24) 


Virco : ai erad Te) (ern Pes) aS. 
Ss 


* Tf (20) are actually regarded as infinite sets of equations, one has to pay some 
attention to defining the meaning of the statement that their solutions are given 
by (22). In practice we shall deal with a finite number of modes, and shall by- 
pass all questions about infinite processes. 
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Vesa [ ets (grad Tom) (flux Tim) dS, 
8 


Vanes eee / eq (flux T'im)-(grad Tey) dS, 
Ss 


Yimj{n) = tw [ e¢3 (grad Tim) + (grad Tiny) dS + Yu,tmta- 


It may be noted that if the guide were straight, so that es = 1, and 
if w and e were constant over the cross section, the Y’s and Z’s would all 
be zero except for those having equal subscripts. If the curvature of the 
guide is gentle, and if uw and e do not vary much over the cross section 
(or if they vary extensively only in a small part of the cross section), 
then the Y’s and Z’s with unequal subscripts will be small, and we can 
obtain approximate solutions of (23) based upon the smallness of the 
coupling. 

We shall now compute first-order approximations to the impedance 
and admittance coefficients under the following assumptions: 


B= Ho, 


25 
eo(1 + 5), ( 


€ 


where wo and ¢ are constants (usually but not necessarily the per- 
meability and permittivity of free space), and 6 is a dimensionless func- 
tion of position. No mathematical difficulties would follow from assum- 
ing p as well as € to be variable, but since the case of varying permeability 
is not of such immediate practical interest we shall omit this slight addi- 
tional complication. In order that the coupling per unit length due to 
curvature and to inhomogeneity of the dielectric be small, we further 
assume that 


[é| S a/b <1, 


(26) 
<{lalas« 1, 
8 


where, as usual, S is the cross-sectional area of the guide. 
From (21), first-order approximations to Zw ,tmjtnj aNd Yw,cm)(n) are 


Zwtmlin) = toptolbmn — Etmitnil, (27) 


Yu,(m)(n) = tWweoldmn + S¢my(n) — Ecmyn)], 
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where 


Etm)in) = Xtm) Xin} [ ET my T'tn) dS, 
Ecmyin) = Xem)X(n) [ ET (my T (ny AS, (28) 


5(m) (mn) = Xcm)X(n) [ 8PmTo ds. 
S 


The quantity dmn is the Kronecker delta, and is not to be confused with 
5¢m)(n) » Which is defined by the last of equations (28). Note that mtn 
and £&m)m) are zero unless the angular indices of the two modes in- 
volved differ by exactly unity. 

It is not difficult to obtain approximate solutions of (20) in the forms 
(22), since the off-diagonal elements of the coefficient matrices of (20) 
are small compared to the diagonal elements. Using the expression de- 
rived by Rice for the inverse of an almost-diagonal matrix (we shall 
not attempt to prove this result for infinite matrices), we find the first- 
order approximations 


Xtm1X 
Vw,tmlin) = aa an as La FS Etmi tnt], 
TWO 


(29) 
x (m) x (n) [6 
IWe€o 2 


Zw, (m)(n) n + &(m)(n) —~ Sm) cn). 


Approximate expressions for the impedance and admittance coefh- 
cients appearing in the generalized telegraphist’s equations (23) are: 


Z(m)(n) = twpoldmn + Acmy(m] + Zw, (min) 5 

Z (m)[n) = TopoZ(mytnl » 

Zim\(n) = VopoZtm|(n) » 

Zimiin} = UWopoldmn + Fm tri]; (30) 
Y(m)(n) = t€o[dmn + F(my(ny A Acminy]; 

Y(m){n) = tweolEcm)tny + Acm)tns), 

Yimin) = tweolEtmjn) + Atmicnyls 


Yimin) = tw€[Smn + Ztmpiny + Atmita] + Yo,tmite » 
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where 
F(m)(n) = [ (era T (my) (grad Tm) dS, 
Z(m)(n] = [ € (grad Tiny) - (flux Tn) dS, 
(31) 
Eimey = f & (Hux Tm)- (grad Ten) dS, 
Elml(a) = [ (eraa T tm) + (grad Tin) dS, 
and 
Am (n) = [ (aa T (my) (grad Ty) dS, 
Am)tn) = [ 6 (grad. Tm) - (flux Tin) dS, 
(32) 


Atm] (n) = [ 6 (flux T tm) - (grad T (ny) ds, 


Atm [n] = [ o(@raa T tm}) - (grad T tn) ds. 


The %’s are zero unless the angular indices of the two modes involved 
differ by exactly unity. 


1.2 Representation in Terms of Coupled Traveling Waves 


From now on we shall assume that the distribution of dielectric over 
the cross section of the curved guide is independent of distance along 
the guide, so that the impedance and admittance coefficients are con- 
stants independent of z. (We shall henceforth designate the coordinates 
by (0, ¢, 2), instead of the (u, v, w) of the preceding section.) The general- 
ized telegraphist’s equations now represent an infinite set of coupled, 
uniform transmission lines, and their solution would be equivalent to 
the solution of an infinite system of linear algebraic equations and the 
corresponding characteristic equation. 

For our purposes it is convenient to write the transmission-line equa- 
tions not in terms of currents and voltages, but in terms of the ampli- 
tudes of forward and backward traveling waves, assumed to exist in a 
straight guide filled with a homogeneous medium. Thus let a and b be 
the amplitudes of the forward and backward waves of a typical mode at 
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a certain point. In what follows the wave amplitudes a and 6 will always 
carry mode subscripts, so they need never be confused with guide radius 
and radius of curvature. The mode current and voltage are related to 
the wave amplitudes by 


V = K'(a + b), 
a (33) 
I=K'*(a-—b), 
where K is the wave impedance. We have 
Kay = hw/we , (34) 


Kin) = wpo/hiny ; 


for TM and TIE waves respectively, where hi») and hi») represent the 
unperturbed phase constants, 


2 2\4 
hay = (8 — xm)’; 


‘ (35) 
hin = (8° — xin)’, 


and 

B° = w poe. (36) 
For a cutoff mode, h is negative imaginary; but we shall deal only with 
propagating modes in the present analysis. 

If we represent the currents and voltages in the generalized tele- 
graphist’s equations (23) in terms of the traveling-wave amplitudes, and 
then perform some obvious additions and subtractions, we obtain the 
following equations for coupled traveling waves: 





da (m) . + — + ~ 
ag oe Do [kGiny (ny @eny EK Kem) (nyDeny Kom) [ni@fny -F KGny tpt], 
n 
AD (m) 





. ~ + — + 
oF ETD [kGmy (ny@eny EK Em) (ny (ny EK Gn) m1 ny FE KGny tn tay 
n 








(37) 
AAtm) mn a = S 
7 = 4D) [kfm ny@iny HE Kfmny (ny ny EK fond tn} @tny EK pmp tng ni, 
n 
Dim 4 a s 4s 
a = AT DS [afin (nyiny EF Kf] (nD (ny EK fin) (nny FE Kim tment] 


The «’s are coupling coefficients defined in terms of the impedance and 
admittance coefficients by 


iKGmyiny = 8{(KemK aw)? Yemen & (Kem mn)? Zemeny]s 
tkGmyim = ${(KemKim)? Yoo + (KomK tm)? Zem tals 
tktm ny = 3[1(KtmEK a)? Yemen & (Kem)? Zimon)s 
itm te) = H1(Ktm Kim)? Yimin & (KtmKim) ? Zemin: 


(38) 
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In these definitions the plus signs are taken together, likewise the minus 
signs. The factors of 7 are introduced in order that the x’s may be real for 
propagating modes in a lossless guide. 

For the small-coupling case discussed at the end of the preceding sec- 
tion, it is convenient to separate a typical coupling coefficient into two 
parts; thus, 

Kk=c+d. (39) 


Here c is the coupling coefficient due to curvature and is zero unless the 
angular indices of the two modes involved differ by unity. The coupling 
coefficient d is due to the dielectric. All d’s vanish if the dielectric is 
homogeneous; otherwise particular symmetries may cause certain classes 
of d’s to be zero. The c’s and d’s may be expressed in terms of integrals 
written down in the preceding section if we substitute for the Y’s and 
Z’s in (38) their definitions according to (30). 

The x’’s which have equal subscripts (n)(n) or [n][n] may be regarded 
as phase constants (of particular TM or TE modes) which have been 
modified by the presence of the dielectric. For the modified phase 
constants we introduce the symbols Bi) and Bin) ; thus, 


2 
Xn) O¢ny (ny 1 Any’ A ny ny 
2hin) : 


B Atnitnt 
Zhin} , 


The general expressions for the coupling coefficients between any two 
different modes are as follows: 


ao _— 
| himyhny Fim) (n) a 8 Seer Rekinionce | ’ 
himyhiny 


Biny = Kenyny = hay + 
(40) 


_ + 
Bink = Kinin) = Ain) + 








+ 
Cm) (n) = 


rr X(m)X (n)9(m)(n) 
d= = | oN EOL NEL SUSIE: | 
(m) (n) WV himhin) Am) (n) = OU any oe 
(m)!o(n) 


+ 
Com) int = $ BEamyiny LW Remy/Ptny = Whini/Pemy] 5 
"a 4 aeerT ee. 
Cinytny = ¥ BAemyint Whomy/hinys 
+ rot L Jh.. 
Cimj (ny = ¥ BE tm ml WV heny/hpmy = Whim/ha], 
ete ee | 
diminy = % BApmi ny Whiny/him » | 
of 1 tae (nl) — Xfm) Xn] E (ma) (n] eee rh | 
[mln] = 5 fm) tn] 
m|[n 2 Dewrheai m{m] (rn [m}!¢[n] |» 
— _B’Atmi tn 
2S lim hiny’ 


(41) 








bt 
im) [nl 
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where the symbols with double subscripts are defined by (28), (81), and 
(32). 


1.3 Coupling Coefficients Involving the To, Mode 


In Part II we shall consider a well-compensated bend. in which the 
total power in all spurious modes is everywhere low compared to the 
power level of TE, . (This is somewhat more restrictive than merely 
assuming that the power in any one spurious mode is everywhere small 
compared to the power in TI; .) To first order, therefore, we may com- 
pute the power abstracted from To, by mode conversion by assuming 
that the TI; mode crosstalks into each spurious mode independently. 
For this calculation we need the values of the forward coupling coeffi- 
cients between TE», and all other modes. The crosstalk into backward 
modes will be negligible in all practical cases. 

We shall use the customary double-subscript notation for the various 
modes in a round guide, but shall continue to denote TM waves with 
parentheses and TE waves with brackets. We assume that the distribution 
of dielectric 1s symmetric with respect to the plane of the bend, so that TE 
is coupled to a definite polarization of each spurious mode. The normal- 
ized T-functions are then: 


Peay = A/S Je Xeomyp) sin ne 
i x k nm pee k nm ; 
= Nae 1(Kcnm)) iss 
Pinm = A/S 2 Xinmip) COS TP _ 
[nm] a (Ktnmy? =3 n2)3JTn(Ktnmy)” 
where 
Ke (nm) = X(nm)Q, Jn) = 0, 
(43) 
Kin) = XIinmlQ, da (Kin) = 0, 
and 
1, n= 0, 
ee (44) 
2, n#0 


1.3.1 Coupling Coefficients due to Curvature 


We know that to first order the curvature of the guide can couple the 
TE mode only to modes of angular index unity. Let us calculate the 
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coupling between TE, and TM,,, . Referring to (31), we have 


(1m) [01] = [01] (1m) 
= / £(grad Tam): (flux Toy) dS 
8s 


(45) 





a [ a VV 2F1(xtonp) Js Kamp) cos’ a dp de 
0 0 Tabk amyJ o(k oy \Jo (koam)) 


a/V/2koub if m= 1, 
0 ifm # 1. 


Hence the only transverse magnetic mode coupled to TE, by the bend 
is TMy , and from (41) the forward coupling coefficient is: 


Cary tou = Chyay = Ba/vV/2 kpyb = 0.184548a/bd. (46) 


To obtain the coupling between TE: and TE,, , we must evaluate two 
integrals. From (28), the first is 


Efoutimy = §f1m) fo 
= X(01)X tm] | ET to T'tm AS 
Ss 


-[ "V2 x1me'Fo(xcone)Tixrme) 608 @ yy, A) 
0 Jo wab(kam? — 1)?Jo(k 013) 41K pam) 


V/2a Kam Koy” +E Atami?) 
b (Kam? — 1)8(Kpoy? — Ktm?)?’ 


and from (81), the second is 





bt _ ma 
F4[Ol] [1m] = [1m] [01] 


= i &(grad Ton) - (grad Tm) dS 





ee i. * V2 xtimip J 1(xtone)S1' (xtrmp) COs" g dp dy (48) 
0 Jo = wab( Kum? ~ 1)8Jo(kory) J 1k) 
= 2/2a Kiouktimy 





b  (ktimj? — 1)? — ktm*)?’ 


A short table of numerical values of the above two integrals follows: 


m E [01] [1m] F101] [1m] 

1 0.23871 a/b 0.18638 a/b 
2 0.32865 a/b 0.31150 a/b 
3 0.03682 a/b 0.02751 a/b 
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Putting these values into the expression (41) for the forward coupling 
coefficient, we obtain: 


0.09319(6a)? ~ 0.84204 eee | 
Cron on eae + 0.09319 Vicente b? 


0.15575(Ba)? — 3.35688 1 
Cfox [121 = hae + 0.15575 V hiovtlcaa fe, (49) 


t 


0.01376(Ga)? — 0.60216 i 
us = ee ee eee kb Sp Hee 
C(01} [13] | Iroyahusa aig 0.013876 hyo Ahy13)4 BS 
1.3.2 Coupling Coefficients due to Dielectric 


Depending upon the distribution of the dielectric material over the 
cross section of the guide, the TI), mode may be coupled to any mode 
except those of the TMom family. The dielectric coupling coefficients, as 
given by equations (41), are | 

dion (nm) = daw [ol] = 4BAton (nmy V Peeumy/ roy ) 
Torta = Tnmioy = PA tent e 
: ‘i 2V7 hioyhtnm 


The A’s are obtained from equations (32); thus, 


Avou (nm) = [ d(grad Tian) . (flux T tou) dS 





_ i 3 8(p, g)0V én) n(Xermp) J (x orp) cos ne dp dp 
0 0 TAK amd n—1(K amy) J o( Kon) 

51 

Atoutam) = [ 6(grad Tinm))*(grad Tyo) dS 


= ee f 5(p, y) WV €nXtnmyd n (Xtnmp)I1(xXtor1P) COs Np piode 
0 do TA(Ktnmy? — 2)'Fn(Ktnm) Jo(Kion) 
1.4 Dielectric Losses 
To take account of dielectric dissipation we may introduce a complex 
permittivity, 
e= e — te” = ¢’ (1 —7 tang), (52) 


where ¢ is the loss angle of the dielectric and is not, of course, to be con- 
fused with the coordinate ¢. If we let 


e =e (14+ 6), (53) 
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where 6’ is real, then (52) may be written 
| € = e(l + 6’ — 71 + 6’) tan g] = e(1 + 84), (54) 
where 

$23 = i + 8) tan: | (55) 


_ No changes in the formal analysis result from the fact that 6 now has a 
complex value. 

If the compensator is designed (assuming a lossless dielectric) so that 
the total power coupled from TE into all spurious modes is small at 
all points, it is reasonable to assume that the principal effect of dielectric 
loss on the TE; mode will be seen in the modified phase constant Bio 
of this mode in the presence of the compensator. If the compensator is 
made by filling a certain part S, of the guide cross section with a medium 
of constant (complex) permittivity, and the rest of the cross section with 
air, then from (82) and (40) the modified phase constant of the TE, 
mode is 


"6 
Bou = Ajo + — i (grad Tyo)” dS, (56) 
[01] “Sy 


where 6 is given by (55). Since 6 is complex, the attenuation constant is 


6 (1 + 6’) tang 
2hion 


where the integration may be carried out as soon as the area 8, is speci- 
fied. 

The approximation (57) for the attenuation constant due to dielec- 
tric losses has a simple physical interpretation. It corresponds to the 
power which would be dissipated in a medium of conductivity we” if 
the electric field existing in the medium were the same as the field of the 
TE. mode in a straight, empty guide. This is probably a very good 
approximation if 6’ is small, as it will be for the foam dielectrics from 
which compensators are most likely to be made. 

It is doubtful that (57) furnishes a good approximation to the dielec- 
tric loss when the permittivity of the compensator is high (6 not small 
compared to unity). If the permittivity is high the cross section of the 
dielectric member will be small, but the field perturbation may be large 
in the immediate neighborhood of the dielectric. The series which rep- 
resent the fields in terms of the normal modes of the empty guide may 
converge slowly; in other words, when using the telegraphist’s equations 
one must consider the coupling between TE, and a large number of 


Qo] = —Im Biot) = [ (grad Trou)? ds, (57) 
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other modes, none of which appears by itself to be very strongly coupled 
to TK 3 

Of course if we had a single normal mode of the compensated guide, 
with a field pattern independent of distance along the guide, it might 
well be possible to calculate the field distribution and the dielectric losses 
approximately, without reference to the telegraphist’s equations and 
regardless of the permittivity of the dielectric. However, we do not have 
a single normal mode of the compensated guide, but rather a mixture of 
modes. The field pattern varies along the guide as the modes phase in 
and out; and it is not easy to conclude from this picture what the actual 
dielectric losses will be. 

Finally it should be remembered that we have said nothing about the 
possible effect of a dielectric compensator on eddy current losses in the 
waveguide walls. If one attempted to use a compensator of small physical 
size and correspondingly high permittivity, the resulting perturbation 
of the electric field might very well increase the eddy current losses in 
the wall adjacent to the compensator. On the other hand, the increase 
would probably be negligible for a compensator made out of a foam di- 
electric. 


II. APPLICATION 
2.1 Properties of Uniformly Coupled Transmission Lines 


We shall now apply the preceding theory to the calculation of TEa 
mode coupling in gentle bends. To describe propagation in a curved 
waveguide in terms of the modes of a straight guide requires, in general, 
the solution of the infinite set of equations (37); but we can give an ade- 
quate approximate treatment by considering just two modes at a time, 
one mode of each pair always being TE, . Furthermore we need consider 
only the forward waves, since the relative power coupled from the for- 
ward waves into the backward waves is quite small. 

The differential equations representing the forward waves on two uni- 
formly coupled transmission lines are: 


ams + Yoo + tka, = 0, 
dz 
F (58) 
ikay + —* + yuan = 0. 
2 
In these equations ao(z) and a;(z) are the amplitudes of the forward 


traveling waves, normalized so that | ao |’ and | a |” represent power flow 
directly. We may think of the subscript 0 as always referring to the TE; 
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mode. The complex constants yo and y; may be regarded as (modified) 
propagation constants; note that because of the coupling they are not 
necessarily equal to the propagation constants of the uncoupled modes. 
The coupling coefficient is denoted by x; it will be real if the coupling 
mechanism is lossless, but is not required to be so in the general mathe- 
matical solution. 

We are interested in the case in which line 0 contains unit power at 
z = 0, and line 1 contains no power. Subject to the initial conditions 


a(0)=1, a (0) = 90, (59) 
the solution of (58) is 


~ 1 (Yo = v1) mez 1 _ (Yo _ 71) my2 
ae) = [5+ HE]. +5 eee, ; 
OO (60) 
ay(z) —= Tem? pax et, 
where 
r= V(% — 1)? — 4°, (61) 
and 
m = 3l—(vo +m) +7), 
(62) 


me = 4[—(vo + 11) — 7]. 


Tor the case of two propagating modes without loss, « is real and we 
may write 


Yo = 180, v1 = 181, (63) 
so that 





= 4V/ (Bo — Bi)? + 4k?. (64) 


A straightforward calculation now gives the power in each line at any 
point: 


4x” ; 
Po = | ao(z) |? = 1 — Cr 31(Bo — 61)" + 4x’]°z, 
. (65) 
Py = | a) h = yea sin” $[(80 — 61)” + Ax’ |*2, 
Hence the maximum power transferred from line 0 to line 1 is 
2 2 
(P1) max peat 4k _ [2«/(Bo = 61)] (66) 





~ (Bo — BY? +42 1 + [2«/(Bo — BOE’ 
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and the points of maximum power transfer are 


(2n + 1)x 


© V Go — By? + 42? en 


where n is any integer. 

As is well known, complete power transfer from line 0 to line 1 is 
possible if and only if the (modified) phase constants 8» and @; are equal. 
In general the maximum power transterred to line 1 depends on the ratio 
of the coupling coefficient to the difference in phase constants, and if this 
ratio is small, then 


(P1) max ~ Ax /(Bo = B:)”. (68) 


If the difference in phase constants is not large enough to prevent un- 
desirable power loss from line 0, an alternative possibility, as Miller® 
has shown, is to increase the attenuation constant of line 1 while leaving 
the attenuation constant of line 0 as nearly unchanged as possible. We 
can get an idea of the required attenuation difference from the following 
approximate treatment. 








Let 
Yo = a + 180 , 
; (69) 
1 = a + 261, 
and assume that 
| 2k/(vo - nm) |*>« 1. (70) 
Then 
9 2 
rey — 1 - (71) 
(Yo = 71) 
and 
2 
ce ee Yo—- v1" 
i 1 
; (72) 
M2, —¥0 + 7 ‘ 
Yo — Y1 


Weare interested in the power in line 0. From the first of equations (60), 
we have 


2 2 
ag(z) & E + | Cer ee (73) 


(yo — 11)? ~ Go — Ww? 
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Let us consider the case in which line 1 has a much higher attenuation 
constant than line 0; that is, 


ay >> a. | (74) 


The second term on the right side of (73) is provided with a small co- 
efficient, and also its exponential factor decays much faster than the 
exponential in the first term. The second term, therefore, rapidly be- 
comes negligible as z increases, and we may write, 


2 


If the attenuation constant of line 0 is not modified* by the presence 
of the coupled lossy line 1, then in the absence of line 1 the amplitude of 
ao(z) would be e “*, and the factor by which the amplitude is reduced 
owing to the presence of line 1 is 


2 
K 


Gi = 41) 
The first factor on the right is very nearly unity, but not less than unity 
if x is real (lossless coupling mechanism) and 


(a, — ao)” 2 AB = Bo)”. (77) 
Hence the factor by which the amplitude is multiplied is not less than 


2 


Tee Leo |. (76) 








(ao = ay) KZ 
(a — a1)? + (Bo — Bi)’ © 


assuming that « is real. If the amplitude of the wave on line 0 is not to 
be down by more than N nepers, after a distance z, from what it would 
have been in the absence of the coupled line, it suffices to have 





exp = exp 








Yo — Y¥1 


(a1 — ao) Kz 


are Caer ae wy 


or 
a, — a = 3[(K2/N) + V(e2/N)? — 4(6: — Bo)?l. (80) 


2.2 TEo-TMi Coupling in Plain and Compensated Bends 


In Jouguet’s’ and Rice’s’ analysis of propagation in a curved wave- 
guide, the curvature is treated as a perturbation and the field com- 
* The value of a» may very well be modified by the coupling; but if it is this 


can easily be taken into account when computing the over-all change in | ao(z) | 
due to the presence of line 1. 
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ponents are developed in powers of the small parameter a/b, but the 
field perturbations are not expressed in terms of the modes of the straight 
waveguide. We shall now consider propagation in plain and compen- 
sated bends from the coupled-mode viewpoint. 

Denote the coefficient of coupling between the To, mode and the 
TM, mode or the TE,m mode by 


K(nm) = C(nm) + Anm) ; 81) 

Ktnm] = Ctnm) + {nm ; 
respectively, where as usual we indicate TM modes by enclosing the 
subscripts in parentheses and TI modes by enclosing the subscripts in 
brackets. In Part I the coupling coefficients are written with two pairs of 
subscripts, since in general they may refer to any two modes, but here 
one pair of subscripts would always be [01] and will be omitted. The co- 
efficient c represents that part of the coupling (if any) which is due to the 
curvature of the guide, and d represents the coupling (if any) which is 
due to the inhomogeneity of the dielectric. We assume that the dielec- 
tric loading, if present, is symmetric with respect to the plane of the 
bend, so that coupling to only one polarization of each mode need be 
considered. 

The phase constants of the TM,» and TE, modes in a straight, empty 

guide are, respectively, 


Ren) = VB? ae Xcam)?s hin) = VB = Xtnmy", (82) 
where 
Xinm) = Kinm)/A, — Xtnm) = Kinmi/4, (83) 
and 
Tn (kum) = 0, Sn! (Kinm) = 0. (84) 
Also 
B = 2r/), (85) 


where X is the free-space wavelength. 

As noted in the preceding section, the presence of coupling may 
cause the modified phase constants Bam) and Binm) of the coupled modes 
to differ slightly from thé unperturbed phase constants hinm) and hjnm . 
In a plain bend (curvature coupling only), the §’s are equal to the h’s, 
and in most cases the effect of a small amount of dielectric coupling on 
the phase constants may be neglected. Exact values of Btnm) and Binm) 
may be obtained if necessary from (40). 
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The coupling coefficient between the TE, and TMy modes in a plain 
bend is given by equation (46) as 

ea = Ba/V2kpybd = 0.18454 Ba/b = 1.1595a/db. (86) 


The (smallest) critical distance for maximum power transfer is given by 
(67) with Bo = 61, namely 


= WT - Koy by ‘= 1.3547bd 
#2 2cay 24/20 a 


and the critical angle ¢,, is 


(87) 








Veo = 2c,/b = 1.8547 A/a radians = 77.62 d/a degrees. (88) 


This expression agrees, as it must, with that obtained by Jouguet and 
Rice. (We write 0, for the uncompensated bend in order to reserve 0, 
for a bend with dielectric loading.) 

It should be pointed out that cay is not necessarily the largest of the 
coupling coefficients due to curvature. In a guide sufficiently far above 
cutoff, it appears from (49) that cp is approximately equal to can , 
and ¢i2) is one and two-thirds times as large as cai . It two transmission 
_ lines are coupled over a distance z which is small compared to the dis- 
tance required for maximum power transfer, then by (65) the relative 
power transferred to line 1 is 


P,(z) wd) KZ", (89) 


which is proportional to the square of the coupling coefficient. It follows 
that for a sufficiently small bending angle the largest amount of power 
will go into the mode which has the largest coupling coefficient to TEn 
(in the above example, TE»). Each coupling coefficient, however, is 
proportional to 1/b, and can be made as small as desired by increasing 
the radius of curvature of the bend. Since the phase constants are unal- 
tered to first approximation by the curvature, the maximum power trans- 
ferred tends to zero with 1/b’ for every mode whose unperturbed phase 
constant differs from hyo . The only mode with finite power transfer for 
a finite bending angle with an arbitrarily large bending radius is TMi , 
since hay = hy . For the present we shall assume a bending radius so 
large that power transfer to modes other than TM, is negligible. Com- 
plete power transfer from TE; to TMi will then take place in a plain 
bend at odd multiples of the critical bending angle @,, . 

We now consider a dielectric-loaded bend in which the permittivity e 
is a function of the transverse coordinates (p, ¢), but does not vary 
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from one cross section to another. The permeability » is assumed to be 
constant. Thus we shall write, as in (25), 


wu = Ho; 
(90) 
é = el + d(0, ¢)I, 
and assume that 
~{lslas«a, (91) 
S Js 


where S is the cross-sectional area of the guide. The inequality (91) im- 
plies either that « does not vary much over the cross section, or that it 
varies extensively over only a small part of the cross section. The first 
alternative corresponds to a dielectric whose relative permittivity dif- 
fers but little from unity, and is the most likely case in practice. If, on 
the other hand, 6 is large in a small region (a thin sliver of high-permit- 
tivity material), the dielectric coupling coefficients will not diminish 
very rapidly with increasing mode number. The TE: mode will be appre- 
ciably coupled to a large number of modes, and it may not be safe to 
assume that the total power converted into spurious modes is small just 
because the conversion into any given mode is small. We shall not try 
to decide here what maximum value of | 6 | is practicable. 

If the distribution of dielectric is symmetric with respect to the plane 
of the bend, the dielectric couples the TE, mode to a definite polarization 
of each spurious mode, and in particular to the same polarization of the 
TM, mode that is coupled by curvature alone.* The dielectric coupling 
coefficient between TE; and TMy is, from (50) and (51), 


7 B ‘ COS @ 
day = VJ Irak ond (ko) [ 86, g)Jy (xto11p) p ds. (92) 


It is obvious that the decoupling condition, namely: 
kay = Can + day = 0, (93) 


may be satisfied by an infinite number of different distributions of per- 
mittivity. Ingenuity is required, however, to find a configuration which 
is easy to fabricate and which does not couple the TE»: mode too strongly 
to any other mode in the guide. The spurious mode problem is quite 
serious when the diameter of the guide (in wavelengths) is so large that 

* A dielectric insert which is not symmetric with respect to the plane of the 
bend will couple TEo: to the other polarization of TMi, , with potentially complete 
power transfer to this mode on account of the equality of phase velocities. A small 


accidental lack of symmetry should not lead to serious mode conversion in a bend 
of moderate angle. 
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many modes have phase velocities close to TE . In the next section we 
shall compute the coupling to various modes for a number of cases. 

Mention may be made here of the effect of imperfect decoupling. If 
we could satisfy the decoupling condition (93) exactly, then to first 
order there would be no transfer of power from TE, to TMy in a bend 
of any angle. In practice we cannot expect to satisfy (93) exactly, on 
account of uncertainties in the permittivity and dimensions of the 
compensator. If the coupling coefficients are constant along the bend, the 
effect of reducing xq) by making dqi) nearly equal and opposite to eq) 
is to increase the distance required for maximum power transfer to 
TM: to take place. In the simple case where B11 = B01) , a8, for example, 
when the compensator is made of a bent half-cylinder of dielectric, the 
critical angle for a fixed bend radius is inversely proportional to xq) . 
The critical angle 3, for an imperfectly compensated bend, in terms of 
the critical angle 3,, for an uncompensated bend, is 


C11) 
C11) + day 


If day can be made equal and opposite to cay within 1 per cent, say, 
then 3, = 100 3, . The power transferred in a bend of angle @ is simply 
proportional to sin’ (#/8,). 


Beg « (94) 








2.3 Various Compensator Designs 


From now on we shall consider a compensated bend in which the 
TE: and TM; modes are completely decoupled, and we shall investigate 
the coupling between TE; and spurious modes. (By “spurious mode” 
we mean any mode of the straight round guide except TE, or TMn .) 
We shall assume that the power in all spurious modes is everywhere 
low compared to the power level of TE, . To first order, therefore, we 
may compute the power abstracted from TE, by mode conversion by 
assuming that the TE: mode crosstalks into each spurious mode inde- 
pendently. In practice the crosstalk is greatest into modes whose phase 
velocities are nearest, to the phase velocity of TE: ; and it seems more 
than adequate, at least for foam dielectric compensators, to consider 
about a dozen modes. 

From (68), the maximum relative power (assumed small) which cross- 
talks from TE; into a given spurious mode is 


(Pi) max ~ [2«/(Bo =, Bi), (95) 


where «x is the total coupling coefficient. For all spurious modes we 
assume that the difference in phase constants is not much changed by 
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the dielectric loading; this assumption obviates the somewhat laborious 
calculation of 6, for each spurious mode from (40). Thus, 


Bo—- Bi Yh —h, (96) 


and a good estimate of the maximum power which crosstalks into any 
spurious mode is 


(Pr) max & 2(e + d)/(ho — In) P’. (97) 


If the form and dimensions of a bend compensator are fixed, and the 
TEo—TMy, decoupling condition is assumed to be met by adjusting the 
permittivity, it turns out that the maximum power which crosstalks 
into a given mode is proportional to (a/b)*. Tt is thus easy to calculate 
the bending radius which makes (P1)max for any given mode equal to a 
(small) preassigned value. The total power abstracted from the TE 
mode by mode conversion will be a complicated, fluctuating function of 
distance along the bend, or of frequency at a fixed distance, because of 
the different critical distances for maximum power transfer into the dif- 
ferent spurious modes, but we can get an idea of the minimum tolerable 
bending radius by considering just the crosstalk into the one or two most 
troublesome modes. 

It seems likely that with present-day dielectrics at millimeter wave- 
lengths, dielectric losses in a compensated bend will be comparable to 
mode conversion losses. For this reason an estimate of dielectric losses 
is given in connection with each type of compensator design discussed 
below. 


2.3.1 The Geometrical Optics Solution 


An obvious way to design a bend compensator on paper is to load the 
bend with a medium of continuously varying permittivity for which* 


6 = —2(p/b) cose. (98) 


This may be called the geometrical optics solution of the bend problem, 
since to first order it equalizes the optical length of all circular paths 
which are coaxial with the curved center line of the waveguide. Physi- 
cally the required variation of permittivity is rather simple; the per- 
mittivity at each point depends only on the distance of the point from a 
line through the center of curvature perpendicular to the plane of the 
bend. An attempt to indicate this variation by shading has been made 
~* In order that the relative permittivity of the medium be nowhere less than 


unity, the constant ¢ in the expression « = eo(1 + 6) must be greater than the 
permittivity of free space; but this does not affect the analysis in any way. 
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Fig. 2— Various bend compensators. 


in Fig. 2(a). One could approximate the continuous variation with a 
laminated structure consisting of a number of layers of different permit- 
tivities, the permittivity varying slightly from one layer to the next. 

Although the geometrical optics approach provides a very good theo- 
retical solution to the bend problem, it does not lead to a perfect compen- 
sator. It is shown at the end of this section that a perfect compensator, 
in the sense of one which does not couple TI, to any other mode at any 
frequency, does not exist. The geometrical optics compensator couples 
the same modes to TE,, that are coupled by the curvature of the bend 
itself, namely TM, and the TFE,,, family; but the coupling coefficients of 
the various modes are not in exactly the same ratios. Thus if 6 is given 
by (98), the net coupling between TE, and TMy in the compensated 
bend is zero, but there will be a small residual coupling between TE: 
and each of the TE;,, modes. 

The curvature coupling coefficients are given by (49). Table I contains 
numerical values which have been worked out for Ba = 12.930 and 
Ba = 29.554, corresponding respectively to guide diameters of 7 inch and 
2 inches at an operating wavelength of 5.4 mm. 

Dielectric coupling coefficients can be worked out without much dif- 


TABLE I — CouPLING COEFFICIENTS AND PowER TRANSFER 
IN GEOMETRICAL Optics COMPENSATOR 




















Ba = 12.930 ' Ba = 29.554 
ers (c+ 4) (c+) 
Cc c 

ye q (to — In) é d (to — hh) 
TMi: | 2.386/b —2.386/b — 5.454/b —5.454/b -— 
TE, | 2.844/b —2.479/b 0.600a/b | 5.480/b —5.537/b 0.597a/b 
TE. | 38.759/b —4.318/b | —1.962a/b | 9.092/b —9.322/b | —1.954a/b 
TE,3 | 0.306/b —0.420/b | —0.087a/b | 0.793/b —0.834/b | —0.088a/b 
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ficulty from (50), (51), and (98). The first few coefficients are: 
day = —0.184546a/b, | 


ete __ 0.18638 (Ba)?/b 

V hooyahpya : (99) 
eee 0.31150(Ba)?/b 

V hoy aha , 
Gece 0.02751 (Ba)*/b- 

WV hoy ah psa 


Some numerical values are recorded in Table I. 

The phase constant of any mode in the compensated bend is equal 
to the phase constant of the same mode in a guide filled with material 
of constant permittivity «9. We may therefore set Bio) — Bim; equal 
to hwo — htm . Strictly speaking, \ is then the wavelength of a free wave 
in a medium of permittivity e ; but ¢ differs little from the permittivity 
of vacuum if the compensator is made from a foam dielectric. The ratio 
of total coupling coefficient to difference in phase constants, namely 
2(c + d)/(ho — hi), which determines the maximum power transfer by 
(97), is givenin Table I for the {-inch and 2-inch guides at \ = 5.4 mm. 

For large Ga the leading terms in ¢ym; and dim) , Which are proportional 
to Ba, cancel each other, and ¢Cpmj -+ dtm decreases like 1/8a. The differ- 
ence in phase constants, hijo) — hum), is also proportional to 1/8a for 
large Ba. Hence the ratio of coupling coefficient to difference in phase 
constants approaches a finite limit as Ba approaches infinity; to three 
decimal places the limiting values are the same as those given in Table I 
for Ba = 29.554. 

If we choose a sufficiently large value of a/b, the maximum power 
transferred to a given mode may be made to approach any preassigned 
small value as A/a approaches zero. This is a special property of the 
geometrical optics compensator. For other compensator designs c + d will 
be of the order of Ba while ho — h, will be of the order of 1/8a, so that 
2(c + d)/(M) — hy) will tend to infinity like (@a)*. Hence in the short- 
wavelength limit the bend output will be a jumble of modes all at com- 
parable power levels. Practically, one must expect the same end result 
with a geometrical optics compensator, because of the impossibility of 
meeting exact mathematical specifications; but a carefully-designed 
geometrical optics compensator should work satisfactorily up to a con- 
siderably higher frequency than any other type. 
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To get an idea of tolerable bending radii with a geometrical optics 
compensator, we shall calculate the radius at which the maximum mode 
conversion loss from TE, into TE, (the worst spurious mode) is 0.1 
db. Setting P; = 0.02276, we findfrom (68) that the minimum bending 
radius for a %-inch guide is 5.69 inches, and for a 2-inch guide, 12.95 
inches, both at a wavelength of 5.4 mm. It is worth noting that if | dys | 
is increased by 5 per cent of its theoretical value, the minimum bending 
radius becomes 7.89 inches for the 7-inch guide and 39.2 inches for the 
2-inch guide. (This assumes that the TMy mode is still properly de- 
coupled and that TE, is still the worst spurious mode.) 

Dielectric losses are likely to be a serious problem in a geometrical 
optics compensator, inasmuch as the whole volume of the bent guide has 
to be filled with dielectric. Relatively large values of 6 are required to 
negotiate bends as sharp as those just discussed. For example, if b = 13a, 
in a practical case 6 might range from 0.058 at the inner surface of the 
bend to 0.250 at the center of the guide to 0.442 at the outer surface 
(referred to e as the permittivity of free space). The loss tangent of 
present-day dielectrics in this range is approximately 2 X 107°. A large“ 
(i.e., far above cutoff) waveguide filled with a dielectric of relative per- 
mittivity 1.25 and loss tangent 2 X 10° will show a dielectric loss of 
about 1.13 db/meter or 0.34 db/ft at 5.4 mm. The dielectric loss in a 
90° bend with a bending radius of 1 foot would be about 0.54 db, and for 
other bends the loss would be directly proportional to the length of the 
bend, and to the loss tangent if different from 2 X 10~*. It is true that 
loss tangents as low as 5 X 10°° may be obtained with lower values of 
permittivity, say 6 = 0.033; but with such a small 6 the bend radius 
must be proportionately larger, and the total dielectric losses in a bend of 
given angle would be larger than with a higher permittivity material. 

We proceed now to demonstrate the assertion made earlier that a per- 
fect bend compensator does not exist. More precisely, we shall show that 
it is impossible to compensate the bend with an isotropic medium whose 
permittivity and permeability are everywhere finite, but otherwise 
arbitrary, in such a way that there is no conversion from TE: to any 
other mode at any point at any frequency. 

If there is no mode conversion at any point of the bend then the fields 
at all points must be those of the TE»; mode, referred to the bent cylindri- 
cal coordinate system described at the beginning of Section 1.1. In other 
words, we have prescribed the electromagnetic field and are asking 
whether it is possible to choose the permeability and permittivity so 
that the given field will satisfy Maxwell’s equations. Usually the 


2 
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answer to this question will be ‘No.”’ The Maxwell equations, 
V XE = —twul ; 
ed: = (100) 
VX A = wel, 
are equivalent to six scalar equations, and if the components of # and 
H are prescribed, one cannot in general satisfy all these equations by 
merely adjusting the two scalar functions yp and e. 

It is particularly easy to see the difficulty for the TE, mode in a 
curved guide. Recall that the TE; mode fields are independent of the 
coordinate y, and that the only non-vanishing field components are 
E(p, 2), H,(p, 2), and H.(p, z). The fourth of equations (5) is: 


1 E ({1 + (o/b) cos g]H.) — =. (ott) | 


all + (@/b) cos | Lap (101) 


= well, . 


Since /, = 0, the right side of the equation is zero for any finite value of 
e at any finite frequency, and the whole equation reduces to 


H, sing 
nee argon 0, (102) 
which can be true for all values of p and ¢ only if the radius of curvature 
of the bend is infinite. Hence a perfect compensator cannot be designed 
with any value of «. 

The practical importance of this result does not appear to be great, 
since theoretically the geometrical optics solution would provide an 
extraordinarily good compensator. Until one has a dielectric whose 
permittivity is continuously variable and precisely controllable, and 
whose loss tangent is very low, even this solution is of only academic 
interest. 


2.3.2 The Single-Sector Compensator 


In practice the simplest way to compensate a bend is to fill part of 
the cross section of the guide with homogeneous dielectric material of 
relative permittivity (1 + 6), and leave the remainder empty. In many 
cases a suitable shape for the cross section of the dielectric is a sector of 
a circle, inserted on the side of the guide nearest the center of curvature 
of the bend, and symmetrically placed with respect to the plane of the 
bend. Such a sector, of total angle 6, is shown in Tig. 2(b). We shall now 
discuss the properties of a single-sector compensator. 


CIRCULAR WAVEGUIDE WITH INHOMOGENEOUS DIELECTRIC 1241 


For future reference, the modified phase constants of the TE), and 
TMi modes may be calculated from (40) as: _ 





Bay = hay + -o—[@ — 0.29646 sin 66° 
thay 
— (0.70354 sin 0) xa1'], (103) 
_ 6°50 
Bio = Ao + ha 


The dielectric coupling coefficients for the single-sector compensator 
are given by (50) and (51), provided that some of the Bessel functions 
are integrated by Simpson’s rule. In particular, the dielectric coupling 
coefficient between TE; and TM, is 


day = —0.12066 66 sin 6/2. (104) 


Substituting (86) and (104) into (93), we obtain the decoupling condition 
for a single-sector compensator, namely 


1.5295 a 
~ gin 6/2 6° (105) 

No circular magnetic modes (TMo,,) and no higher circular electric 
modes (TEo2 , TEy3 , etc.) are coupled to TE, by the single-sector com- 
pensator. We also observe that the coupling coefficients of the TEym 
and TMi, modes do not depend upon the sector angle @ so long as 6 
and 6 are related by (105). This is because these modes have the same 
angular dependence as the TM, mode, which we are trying to compen- 
sate. 

The most troublesome spurious modes are those whose phase velocities 
are closest to TE, , namely TE. and TE; . The coupling coefficients and 
power transfer ratios for these two modes in #-inch and 2-inch guide are 
given in Table II. Hither of these modes could be decoupled by proper 
choice of the sector angle, provided we had a uniform, low-dissipation 
dielectric with the required value of 6, but it is impossible to decouple 
both modes at once with a single sector. As a compromise, we might adopt 
the sector angle which equalizes the maximum power transferred to TE; 
and TEs (the distances for maximum power transfer are of course not 
the same for the two modes). This angle is approximately 144°. 

Suppose we wish to employ a 144° sector in a }-inch guide at 5.4 mm. 
If the criterion is that TE; is to lose a maximum of 0.1 db each to TEx; 
and TEs; , so that the total mode conversion losses are of the order of 0.2 


1242 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1957 


TaBLe II — CoupLinc CorFFICIENTS AND PowER TRANSFER TO TEy, 
AND TE3, MODES DUE TO SINGLE-SECTOR COMPENSATOR 






































Ba = 12.930 Ba = 29.554 
Mode 
d 2d/(ho — in) d 2d/(hto — hx) 
TE 1.1152 ain 6 _10.38 2 a 6 2.4727 uu ee 93 @ sin 6 
b- sin 0/2 b sin 0/2 b sin 0/2 b sin 6/2 
TB _ 0.6579 a 30/2 ~10.99 2 em 36/2 | 1.4426 sin 30/2) _ of ol 30/2 
b sin 6/2 b sin 0/2 b sin 6/2 b sin 6/2 





db, then the bending radius can be 19.5 inches. The corresponding value 
of 6 is 0.036. 

If we try to use a 144° sector in a 2-inch guide at 5.4 mm, with the same 
mode conversion criterion as before, the bending radius must be so large 
that no currently available dielectric has a small enough value of 6 to 
satisfy the decoupling condition. We are therefore forced to use a smaller 
sector angle. With a sector of small angle, TEs; is the worst spurious 
mode. It turns out that if 6 = 0.033 and if TEo is not to lose more than 
0.1 db by conversion into TE;, , the minimum bending radius is 1131 
inches or 94.3 feet, and the corresponding sector angle is 4.70°. 

An approximate formula for the attenuation constant due to dielec- 
tric losses in a single-sector compensator is given by (57), provided that 
6 is small. The result is 

2 ° 

aq = a aa nepers/meter, (106) 

where tan ¢ is the loss tangent of the dielectric, and 6° is the sector angle 

in degrees. As numerical examples, we find that the dielectric loss at 5.4 

mm in a $-inch guide compensated with a 144° sector having 6 = 0.036, 

tang = 5 X 10°’, amounts to 0.085 db in a 90° bend of radius 19.5 

inches. In a 2-inch guide compensated with a 4.70° sector (6 = 0.033, 

tang = 5 X 10°’), the dielectric loss is 0.155 db in a 90° bend of radius 
94.3 feet. 


2.3.3 The Three-Sector Compensator 


Although the single-sector compensator should work well in a guide 
which will propagate only 40 to 50 modes, it does not look so promising 
for a 200- to 800-mode guide, chiefly because of the unavoidable crosstalk 
into TE, and/or TEs. We are therefore led to consider the design of a 
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three-sector compensator which will not couple either TE. or TE, to 
TEo 7 : 

A three-sector compensator is shown schematically in Fig. 2(c). The 
angle of the center sector is called 6; and the angle of each outer sector 
6, . Each outer sector makes an angle y, measured between center planes, 
with the center sector. 

The condition for decoupling TE, from TM, with the three-sector 
compensator is 


1.5295 a 


ue (2 cos W sin 02/2 + sin 0,/2) 6° (107) 


If 6 and a/b are given, two additional conditions may be imposed upon 
6,, 62, and y. The conditions are taken to be: 
2 cos 2 sin 6. + sin 6; = 0, 
2 cos 3W sin 36:/2 + sin 36,/2 = 0. 


(108) 


If equations (108) are satisfied, the compensator does not couple TE: 
to any modes of the TE2,, , TEsm , TMem , or TMs, families. 

To design a three-sector compensator with given values of a/b and 
5, one can solve (107) and (108) numerically for 4, , 6. , and y. However, 
if 6: is small ($20°, for example), a simpler design procedure may be 
used. The following equations are approximately true: 





. 126.8a eens 
: i ee 
6, = 0.6186, , (109) 
y= 712", 


It should perhaps be pointed out that the precision of 6,, 62, and y 
individually is not critical, since there is no necessity for the coupling 
to TE», and TEs, to be exactly zero, so long as it is reasonably small. 
One should, however, strive to make the TE),—T'M,, coupling as nearly . 
zero as possible, and it is therefore important to satisfy (107) with the 
greatest possible precision. 

Expressions for the dielectric coupling coefficients due to the three- 
sector compensator may be obtained from those for the single-sector 
compensator if we merely replace sin n6/2, wherever it occurs, by 
sin n#,/2 + 2 cos ny sin n62/2, where n is the angular mode index, as 
usual. If @,, 62, and w satisfy (108), then the coupling to TEe, , TEs» , 
TMen, and TM3m is zero, and the mode having the largest value of 
2(e + d)/(ho — hi) is TE. As noted earlier, since the fields of TMn 
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TaBiLE III — Coupiinc CorEFFICIENT AND PowER TRANSFER 
To TE,;. MopE DUE TO THREE-SECTOR COMPENSATOR 





Ba = 12.930 Ba = 29.554 





(c+ 4) (¢ +d) 
(ho — 1) (ho — hn) 


THe | 3.7591/b | —3.0334/b | 2.549a/b | 9.0919/b | —6.5491/b | 21.59a/b 








and TH. have the same angular dependence, the coupling to TE, is 
independent of the number and arrangement of sectors used in the com- 
pensator so, long as the decoupling condition for TMn is satisfied. Nu- 
merical values are given in Table III. 

The formula analogous to (106) for the attenuation constant due to 
dielectric loss in a three-sector compensator is 


, — BL + 8) tang (6° + 264°) 


Toa 50° nepers/meter. (110) 


As a numerical example, let us design a three-sector compensator for 
a 4-inch guide at 5.4 mm. Under the requirement that the TE: loss due 
to conversion into Ty. must not be greater than 0.1 db, the minimum 
bending radius is 7.39 inches. If the angles are * 


A, = 60°, 
ep) = 30°, 
y = 75°, 


the value of 6 should be 0.143, which is not difficult to obtain with foam 
dielectrics. Assuming a loss tangent of 2 X 10 * we find that dielectric 
losses in a 90° bend are about 0.12 db. 

As a second example, for a 2-inch guide at 5.4 mm with the same mode 
conversion criterion, one needs a bending radius of 143.1 inches or 11.92 
feet. With 6 = 0.033, the compensator angles are 


A, = 27.6°, 
2 = 16.4°, 
pe 25°: 


* It is not practicable to use larger angles, because if 6, > 60° portions of the 
outer sectors counteract the effect of the rest of the compensator on TMi , and 
dielectric losses make the design inefficient. 
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and if tang = 5 X 10°, the dielectric loss in a 90° bend is about 0.25 
db. . 


2.4 Can Dissipation Be Used to Discourage Spurious Modes? 


It was shown in Section 2.1 that the effect of markedly increasing the 
attenuation constant of one of two coupled transmission lines is to re- 
duce the over-all attenuation of a wave introduced on the other line. 
One might wonder whether it would be practicable to decrease the per- 
missible radius of a compensated bend by introducing loss into the 
spurious modes. The answer is ‘‘No’’, at least for guides large enough to 
propagate 200 to 300 modes at the operating wavelength. One simply 
cannot get the required magnitude of loss into the spurious modes with- 
out simultaneously introducing intolerable loss into TE, . A numerical 
example will make this clear. 

We found in Section 2.3.3 that with a three-sector compensator in 
2-inch guide at 5.4 mm it would be possible to negotiate a bend of 
radius about 12 feet with a maximum loss of 0.1 db by mode conversion 
to TEx: (the worst spurious mode). Let us now ask what the attenuation 
constant of TE. would have to be if we wished to transmit around a 
bend of radius 6 feet with a three-sector compensator, and have the 
mode conversion loss suffered by TE not greater than 0.1 db in a 90° 
bend. Preparing to substitute into (80) of Section 2.1, we have the 
following values: 


b = 72 inches, 
Kt) = Cpa + dpa = 2.54/b = 0.0353 in”, 
z = 1b/2 = 113.1 inches, 
Bo — Bi & ho — Ky = 0.236 radians/inch, 
N = 0.1 db = 0.0115 nepers. 
From (80) we get 
a2) — Qo = 12.2 nepers/inch ~ 4200 db/meter. 


Since the maximum TE, attenuation which can be achieved in a 2-inch 
guide by a mode filter which transmits THy freely is of the order of 10 
db/meter,* the value of a2, called for by the above calculation is ob- 
viously out of the question. 

* This estimate is based on calculations described in Reference 6 for modes in 


a helix surrounded by a lossy sheath; but it is doubtful that much greater loss 
could be produced by other types of filter, such as resistance card ‘‘killers’’. 
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It should be noted that a moderate amount of loss in the spurious 
modes may be worse than none, so far as the effect on TI; is concerned. 
Miller™ has shown that the total power dissipated in the system goes 
through a maximum when (a — ao)/x & 2. It appears that a, — ap must 
exceed x by a couple of orders of magnitude before the loss in the driven 
line (i.e., To) becomes really small, if we are counting on dissipation to 
counteract the coupling to spurious modes. 

Since by use of the compensator we are attempting to make the 
TE, -TMy coupling coefficient zero, we may expect that this co- 
efficient, if not exactly zero, will at least be small compared to the cou- 
pling coefficients of spurious modes such as TE. Because xq) is very 
small, it may be that a practicable amount of loss in the TMy mode would 
improve the performance of the bend. But in view of the preceding para- 
graph we must be careful, when introducing loss into TMy,, not to 
introduce the wrong amount of loss into some spurious mode which has 
a larger coupling coefficient to TEn . . 
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APPENDIX 


Compensation of a Gradual Bend by a Dielectric Insert in the Adjacent 
Straight Pipe 


We shall discuss briefly three different ways of transmitting the TE; 
mode around a plain (i.e., air-filled) bend with the aid of dielectric mode 
transducers inserted into the straight sections of guide on one or both 
sides of the bend. The first two methods involve converting the TE 
mode to a normal mode of the bend and reconverting to TE, on the 
other side.’ In the third method, the input to the bend is pure TEo , 
and the output mixture of TE, and TMy, whatever it may be, is re- 
converted to TE by a dielectric transducer. 


Al The TM,’ Normal Mode Solution 


One of the normal modes of the bend is a pure TMy mode (TMy’) 
which is polarized at right angles to the TM,, mode (TMy”) that the 
bend couples to TE; . Clearly if one has a transducer in a straight guide 
which converts TE; entirely to TMi , it is a mere matter of rotating the 
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transducer about the guide axis to insure that the polarization which 
enters the bend is TMy’. We shall design such a transducer using a di- 
electric sector in a straight pipe. 

From Section 2.1, for complete power transfer from TE, to TM we 
must have 


Bion — Ban = 9; (111) 
the transfer then takes place in a distance 
L = m/2| kay | . (112) 


The modified phase constants 8,01; and 81) for a single dielectric sector 
of angle 6 are given by (103) of Section 2.3.2. Substituting these values 
into (111), we find that the only condition under which it is satisfied is 


sin 6 = 0, 


113 
6 = 180°. ae 


The transducer must therefore be a half cylinder. From (104) we have 
Kay = day = —0.12066 B6, (114) 
and so (112) gives for the length of the transducer, 
lL = 2.072 d/6. (115) 


The TEo.-TMy’ transducer should be placed on either side of the 
diametral plane of the straight guide which lies in the plane of the 
bend. An exactly similar transducer on the other side of the bend will 
reconvert TMy/’ into TE . Since TEo: and TMi have the same velocity 
in a straight guide, the transducer can be made of a number of sections 
with arbitrary spacing and of total length 7; but in practice one will not 
wish to have too long a run of TMy in the empty guide because of the 
higher heat losses of this mode. 


A.2 The TEo + TM” Normal Mode Solution 


If we write the coupled wave equations for TEo, and TMy” in a plain 
bend in the form 
dao 


+ thag + ICA, => 0, 
dz 


(116) 
. day P 
1cao + iE + tha, = 0, 
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where 


h = hoy = hay, (117) 


¢ = Ca ; 
it is evident that we can add and subtract to get the equivalent pair of 
equations: 
d 

(ao + a) = a) + ith + c) (ao + a) = = 0, 

(118) 
d(ay — 4) 

dz 


Hence the normal modes of the curved guide are the combinations 
Qo & QA » Or TEo + TM”. 

In order to launch only the normal mode TE, + TM,” at the input 
of the bend, the amplitude of the other mode must be zero, or a) = aq. 
Similarly, to launch only the mode TEo1-—TMu”, the condition is 
ad) = —a,. Hence the output of the normal mode transducer of length J, 
say, must be © 


+ i(h — c)(ao — a1) = 0. 


ap(l) = -kay(l). (119) 


We return to the solution of the coupled line equations in Section 2.1 
and write 


kK = day = d, 
“ bi 7 — (120) 
v1 = Bary = 261, 
p= 4s 7 (Bo ae 61) a Ad?. 
Then equations (60) of Section 2.1 become: 
ag(2) = cos 3s] _ po sin 13 | gree 
(121) 


pos <i ee 
—i— sin lg] ig. ror 


a; (1) 
Substituting into (119) and equating real and imaginary parts gives: 

l= /s, (122) 

|G —Al=|2dj. (123) 
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In view of (103) and (104) of Section 2.3.2, (123) is equivalent to 
t+/1 — pv 


cos 6/2 = o Fea 0.1058" (124) 
and (122) becomes 
1.465 
~ 6] sin 6/2|’ 28) 
where 
y = d/r\- = 3.8317 \/27a (126) 


is the cutoff ratio for TE, and TMy waves in a straight, empty guide. 

A TEq to TE, + TMy” mode transducer may thus consist of a di- 
electric sector, attached to the surface of the straight guide on the side 
nearest the center of curvature of the bend, if the angle of the sector 
satisfies (124) and the length satisfies (125). However, the condition (124) 
can be satisfied by a real angle only if 


0.8483 < \/. <1; (127) 


that is, only if the guide is very near cutoff; and the value of @ which 
satisfies (124) varies rapidly with \ over the above range. This form of 
normal mode transducer is therefore too narrow band to be of much 
practical interest. 


A.3 A Broadband Compensator 


We shall now show how to design a dielectric compensator, in a straight 
section of guide, which takes the mixture of TEq, and TM” put out by 
an adjacent bend and reconverts it to pure TE, , independent of fre- 
quency. 

First let us write the solution of (116) for a plain bend in terms of ar- 
bitrary initial values ao(0) and ai(0). We have 


ao(z) + ax(z) = [ao(0) + ua (128) 
ao(z) — a(z) = [ao(0) — a(O)Je"*"***, 


and hence 
ao(z) = [ao(0) cos cz — ia,(0) sin czle~™’, 


ax(z) = [—tao(0) sin cz + a1(0) cos czJe~"™*. (129) 


The bend may be compensated with a dielectric-loaded straight guide, 
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provided that* 8) = 6; in the straight guide (this may be arranged, for 
example, by using a half-cylinder of dielectric), and provided that the 
length of the compensator and the coupling coefficient d are properly 
chosen. The amplitudes of the two modes in the straight guide, in terms 
of arbitrary initial values a)(0) and a;(0), are 


ao(2) = [ao(0) cos dz — %a,(0) sin dzje?™, 
ai(z) = [—7ao(0) sin dz + a,(0) cos dzje~®*, 


Now suppose that the length of the bend is J, and the length of the 
compensator J. , and take the origin of z at the input to the bend. A pure 
TIE, input is represented by 


(130) 


a(0) = 1, 
eOvew, (131) 
and so, applying (129) and (130) in succession, 
ao(l;) = cos cl, &", 
ai() = —isin cl, eo ™, (182) 
ao(l, + le) = cos (ch, + dlpe 0 to | 
| (133) 


a(h +b) = —asin (cl, + dle Or *Po, 


The condition that all the power be in TE: at the output of the com- 
pensator at every frequency is 


ch + dh = 0, (134) 
or 
dl, = —0.18454 Bal,/b, (135) 


on referring to equation (86) of Section 2.2 for the value of c. 

A convenient form of compensator would be a half cylinder of dielec- 
tric whose diametral plane is perpendicular to the plane of the bend. 
The coupling coefficient of the half cylinder is given by (104), and the 
condition for complete compensation becomes 


16 = 1.5295 ha/b. (136) 


The most easily adjustable parameter is probably the length 2 of the com- 
pensator. 


* The necessity for Bo = 81 is apparent if we consider that under certain condi- 
tions the bend may put out a pure TMi.” mode, and complete reconversion is pos- 
sible only if the compensator has 8» = fA . 
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We have analyzed the compensator as if it were all on one side of the 
bend; but it may evidently be divided into sections of total length 
which are distributed arbitrarily on both sides of the bend. An obvious 
configuration would be to put a section of length /,/2 on each side of the 
bend immediately adjacent to it. 

Limitations on the usefulness of this kind of compensator will be di- 
electric losses and mode conversions. The former can presumably be re- 
duced as the dissipation of available dielectrics is reduced. Mode conver- 
sions could be calculated by the general methods of Part I, but one would 
have to work out the values of the coupling coefficients between TM, 
and all other modes, which has! not yet been done. In any case it is likely 
that the minimum tolerable bending radius would be no less than for the 
within-the-bend compensators discussed earlier in this paper. 
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Circular Electric Wave Transmission in 
a Dielectric-Coated Waveguide 


By H. G. UNGER 
(Manuscript received January 9, 1957) 


The mode conversion from the TEoi wave to the TMi: wave which nor- 
mally occurs in a curved round waveguide may be reduced by applying a 
uniform dielectric coat a few mils thick to the inner wall of the waveguide. 
Such a dielectric coat changes the phase constant of the TMy, wave without 
affecting appreciably the phase and attenuation constants of the TEo wave. 
Thus, relatively sharp bends can be negotiated to change the direction of the 
line or deviations from straightness can be tolerated. For each of these two 
cases a different optimum thickness of the dielectric coat keeps the TE 
loss at a minimum. At 5.4-mm wavelength a bending radius of 8 ft in a 
4-inch pipe or 50 ft in a 2-inch pipe can be introduced with 0.2 db mode 
conversion loss. Deviations from straightness corresponding to an average 
bending radius of 300 ft can be tolerated in a 2-inch pipe at 5.4-mm wave- 
length with an increase in TEq: attenuation of 5 per cent. Serpentine bends 
caused by equally spaced supports of the pipe may, however, increase the 
mode conversion and cause appreciable loss at certain discrete frequencies. 
Compared with the plain waveguide the dielectric-coated guide behaves more 
erttically in such serpentine bends. The mode conversion from TEo: to the 
TEoe , TEo3 , «++ waves at transitions from a plain waveguide to the dielec- 
tric-coated guide 1s usually very small. 


I. INTRODUCTION 


In a curved section of cylindrical waveguide the circular electric wave 
couples to the TE, , TE. , TE; --- modes and to the TMi mode.! 
The coupling to the TM, mode presents the most serious problem since 
the TE; and TM, modes are degenerate, in that they have equal phase 
velocities in a perfectly conducting straight guide. In a bend all TE 
power introduced at the beginning will be converted to the TMy power 
at odd multiples of a certain critical bending angle. One can reduce this 
complete power transfer by removing the degeneracy between TE: and 
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TMi modes. The finite conductivity of the walls introduces a slight 
difference in the propagation constants and in a 2-inch pipe at 5.4 mm 
wavelength a bending radius of a few miles can be tolerated with about 
double the attenuation constant of the TE. wave. To get more differ- 
ence in the phase constants of the TM, and TE modes, one might 
consider a dielectric layer next to the wall of the waveguide. Since the 
electric field intensity of the TE, mode goes to zero at the wall but the 
electric field intensity of the TM mode has a large value there, one might 
expect a larger effect of the dielectric layer on the propagation character- 
istics of the TMi wave than on the TE wave. 

In doing this, however, one has to be aware of the influence the 
dielectric layer will have on the propagation characteristics of the TI, 
modes which also couple to the TE. wave in curved sections. The TE, 
wave couples most strongly to the TE: wave and of the TE;,, family it 
is the next above the TE wave in phase velocity. With the dielectric 
layer one has to expect this difference in phase velocity to be decreased 
and consequently the mode conversion to the TE. wave to be increased. 

In the next section we will solve the characteristic equation of the 
cylindrical waveguide with a dielectric layer for the normal modes and 
arrive at approximate formulas for the phase constants. We will also 
compute the increase in attenuation of the normal modes as caused by 
the dielectric losses in the layer. The change in wall current losses as 
caused by the dielectric layer is of importance here only for the TE 
wave and we will calculate it only for this wave. 

In order to know what bending radii can be tolerated with a dielectric 
coat, we have to evaluate the coupled wave theory’ for small differences 
in propagation constants between the coupled waves. This will be done 
in Section III. Especially we will consider serpentine bends which occur 
in any practical line with discrete supports. In that situation, at certain 
critical frequencies, when the supporting distance is a multiple of the 
beat wavelength between TE and a particular coupled wave, we will 
have to expect serious effects on the propagation constant of the TE, 
wave. 

In Section IV we will combine the results of Sections II and IIT and 
establish formulas and curves for designing circular electric waveguides 
with a dielectric coat. We will distinguish there between two different 
applications. The first case is to negotiate uniform bends of as small a 
radius as possible and the second is to tolerate large bending radii which 
may occur in a normally straight line. 

At transitions from plain waveguide to the dielectric-coated guide, 
power of an incident TE: wave will be partly converted into higher 


DIELECTRIC-COATED WAVEGUIDE 1255 


PEom waves. In Section V we shall calculate the power level in the TE,,, 
waves resulting from this conversion. 


II, THE NORMAL MODES OF THE DIELECTRIC-COATED WAVEGUIDE 


The waveguide structure under consideration is shown in Fig. 1. To 
find the various normal modes existing in this structure, Maxwell’s 
equations have to be solved in circular cylindrical coordinates in the air- 
filled region 1 and dielectric-filled region 2. The boundary conditions 
are: equal tangential components of the electric and magnetic field 
intensities at the boundary (r = 6b) between regions 1 and 2 and, assum- 
ing infinite conductivity of the walls, zero tangential component of the 
electric field at the walls (r = a). Upon introducing the general solutions 
into these boundary conditions, we get a homogeneous system of four lin- 
ear equations in the amplitude factors. Non-trivial solutions of this sys- 
tem require the coefficient determinant to be zero. This condition is 
called the characteristic equation. Solutions of the characteristic equa- 
tion represent the propagation constants of the various modes. These 
calculations have been carried out elsewhere,” * and the characteristic 
equation arrived at there has the following form: 


ne |2 4] a te = ay | 1 Jn! (p21) € ead 
2 


xy ve — et? | aiJn(par) | pas? On(a2, po) 


Lie nip) 
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Fic. 1 — The dielectric-coated waveguide; p = b/a, 6 = 1 — p = (a — b)/a. 
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Here we have used the following definitions: 


U(x, pt) = Jn(px)Na(x) — Nn(px) J n(x), 


Vila, px) = px'[Jn'(pr)Nn'(a) — Nu’ (pt) Jn'(2)], @) 
W(x, px) = palJn(x)Nn' (px) — Jn'(px)Na(x)], 
Z(X, px) = x[Jn'(x)Nn(px) =a J n(px)Nn'(x)). 


J, and N, are cylinder functions of the first and second kind, respec- 
tively, and the prime marks differentiation with respect to the argument. 
The other symbols are: 


p = b/a ratio of radii, 
= ha, (3) 
2 = ba. 


The relative dielectric constant of region 2 is indicated by e which is 
assumed to be complex to take dielectric losses into account. The radial 
propagation constants & and & are related to the axial propagation 
constant y and the free-space propagation constant k = 2a/) by 





E” aed ke ah Y; (4) 
- = ie vy’. 
The circumferential order of the solution is indicated by n. 
For n = 0, equation (1) splits into the two equations 
i Jo’ (pa1) ae Wolae , pX2) _0 (5) 
x1 Jo(px1) px2” Uo(xe , px2) 
and 
1 Jo'(p2) 1 Vo(ae ) pX2) — 0 (6) 





t1 Jo(pt:) pts? Zo(x2, pt2) 


representing the TM., and TE., waves, respectively. 

Except for n = 0 the solutions of (1) and the modes in the waveguide 
do not have transverse character as in the case of a uniformly filled 
waveguide. They are hybrid modes. However, it is reasonable to label 
them as TE,m or TMnm , according to the limit which they approach as 
the dielectric layer becomes very thin.’ 

Modes in the dielectric-coated guide with a very thin coat may be 
treated as perturbed TEnm or TM,» modes of the ideal circular wave- 
guide. The perturbation terms are found by expanding (1) for small 
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values of 6 = 1 — p. This is done in Appendix 1. The perturbation of 
the propagation constants for the various normal modes is: 








TMom Ay _e71l 5, (7) 
Yum € 
2 


——_, —.——-.;. 4, 
n¥0 Ynm Drm mes nv e(1 =} Veer) 


Ay e—1l ee 
Te gS 6. (9) 








In these equations pam is the mth root of J,(z) = 0 for TMan waves 
and the mth root of J,’(a) = 0 for TEnm waves. Furthermore, vrm = 
A/Aenm Where Acnm = 2TA/Pnam - 

We note that the change in propagation constant is of first order in 
6 for the TM,» and TEnm waves with n # 0, but of third order in 6 for 
TEom Waves. 

With « = ¢’ — je” the perturbation of the propagation constant splits 
into phase perturbation A and dielectric attenuation ap. For a low 
loss dielectric we may assume e” < ¢’ and get: 
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Unfortunately the range in which (7), --- (10) are good approxima- 
tions is rather limited. Actually 
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has to be small compared to unity, at least not larger than 0.1. In the 
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case of the TMi, wave in a 2-inch pipe at \ = 5.4 mm this limit is 
reached with A8/By = 0.45 X 10°° or 6 = 0.75 X 10° with e = 2.5. 
To evaluate (1) beyond this limit we may use the approximations: 

1 W,.(a, px) 

_ pe U2(2, px) 

a V (a, px) ie 
px Zn(x, px) 


= cot (1 — p)x = cot 62, 


(11) 


— tan (1 — p) = — tan 6x. 


The approximations (11) require x > n, and 6% < 7/2, as shown in 
Appendix I. These requirements are usually satisfied for the lower order 
modes in a multimode waveguide with a thin dielectric layer. 

Equation (1) has been evaluated for the TMi; mode using the approxi- 
mations (11) and a method which is described in Appendix I. The results 
are shown in rig. 2 for « = 2.5 and several values of a/X. 

In introducing a dielectric coat we have to be aware of the change in 
attenuation constant the TI, mode will suffer. Not only the loss factor 
of the dielectric material will cause additional losses, but the concentra- 
tion of more field energy into the dielectric will increase the wall currents 
and so the wall current losses. 

To calculate the wall current attenuation of the Tio, mode in the 
round waveguide with the dielectric layer, we proceed in the usual 
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Fig. 2(a) —- Change in phase constant of the TMi wave in the dielectric-coated 
waveguide. ¢ = 2.5; a/A = 1.08. 
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Fig. 2(b) — Change in phase constant of the TMi wave in the dielectric-coated 
waveguide. ¢ = 2.5; a/A = 2.06. 
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Fig. 2(¢) — Changein phase constant of the TMi: wave in the dielectric-coated 
waveguide. « = 2.5; a/A = 4.70. 
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manner. Assuming the conductivity to be high though finite and the 
loss factor of the dielectric material to be small, we take the field pattern 
and wall currents of the lossless case and calculate the total transmitted 
power P and the power P , absorbed per unit length of the waveguide by 
the metal walls of finite conductivity. The wall current attenuation ay, 
is then given by 


ay = 


Px 
>" (12) 


Nle 


The result of this calculation as carried through in Appendix II is: 


An te 4/2 — xr 1 rT Le | 
ie De ae 2 ee 
si 
xv 
| UC = #2 (a, on) | Ri (xe , pe) : 


In this expression ay is related to the TE,,, attenuation constant dom 
of the plain waveguide. 

For 1 — p = 6 <1 we introduce the series expansions of the functions 
Ui(x2, pt) and Riaz, px2), | 


Aa : 
¥=(-—1) ™ & (14) 


Qom Vom 





(13) 








Here Aa x, is defined as the change in wall current attenuation compared 
to the attenuation in the plain waveguide. 


III, PROPERTIES OF COUPLED TRANSMISSION LINES 


Wave propagation in gentle bends of a round waveguide can be de- 
scribed in terms of normal modes of the straight guide.’ The bend causes - 
coupling between the normal modes. The TE; wave couples to the TMu 
wave and to the TE;, waves and the propagation in the bend is de- 
scribed by an infinite set of simultaneous linear differential equations. 
An adequate approximate treatment is to consider only coupling between 
To and one of the spurious modes at a time. Furthermore, only the 
forward waves need to be considered, since the relative power coupled 
from the forward waves into the backward waves is quite small. Thus, 
the infinite set of equations reduces to the well known coupled line 
equations:” 

dk 
dz 


aE: 
dz 


+ nf, — jc, = 0, 
(15) 
ss Y2He —= jek; =3 0, 
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in which 
EL 2(z) = wave amplitudes in mode 1 (here always TE) and mode 2 
(TM, or one of the TE;,), respectively; 

‘1,2 = propagation constant of mode 1 and 2, respectively (the 
small perturbation of y1,. caused by the coupling may be 
neglected here); and 

c = coupling coefficient between modes 1 and 2. 
Subject to the initial conditions: 


E£\(0) = 1, E.(0) = 0, 
the solution of (15) is: 


a Ay —Tyz i Ay | —I'oz 
b =3 [taal +5|1- yea oe 
je —Tez —T yz 

EK = 2* 1 
aS age ae © ae 


where Ay = 11 — 2 and Tie = ln + 12+ VAY? — 4c]. Ti and T. 
are the propagation constants of the two coupled line normal modes. 
Both coupled line normal modes are excited by the initial conditions. 
For | c/Ay| « 1, equations (16) can be simplified: 


(16) 
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2 
Beatle o. Sinks ayedtir|ooretianys 
Ay’ 2 
(17) 


2(v1+72)2 


figs j= sinks eet 
We are concerned with a difference in phase constant which is much 


larger than the difference in attenuation constant. Consequently in 
Ay = jAB + Aa we have | Ag | > | Aa | and we may write: 


sing t Ape! nee ‘| 


2 2 
“ i(+ ap as)e—(a sp) ‘| 


(18) 


m= [14575 Aw? 


EF, = 3 s “sing 1 Age exp | - is (61 + Boz -5 (a, + x.) | . 
We note that the amplitude /,, apart from suffering an attenuation, 
varies in an oscillatory manner, the maximum being /, = 1 and the 
minimum HZ, = 1 — 2(c’/Ag’). Accordingly, the maximum mode conver- 
sion loss is given by: 
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2 
i 517.95 


ac ag 





(19) 


The attenuation constant of /, 1s modified by the presence of the coupled 
wave. Compared to the uncoupled attenuation constant it has been 


changed by 
Aa ¢ [as 
gr ae oe 


The amplitude /, varies sinusoidally. From our point of view it is an 
unwanted mode. The power level compared to the £; power is 

Homax 2¢ 
AB’ 





(21) 


So far we have considered only a constant value of the coupling co- 
efficient, c, corresponding to a uniform bend. The attenuation in such a 
uniform bend is increased according to (20), and the worst condition we 
can encounter at the end of the bend is a mode conversion loss (19) and 
a spurious mode level (21). 

A practical case of changing curvature and consequently changing 
coupling coefficient is the serpentine bend. A waveguide with equally 
spaced supports deforms into serpentine bends under its own weight. 
The curve between two particular supports is well known from the theory 
of elasticity. An analysis of circular electric wave transmission through 
serpentine bends® shows that mode conversion becomes seriously high at 
certain critical frequencies when the supporting distance is a multiple 
of the beat wavelength between the TE; and a particular coupled mode. 
The beat wavelength is here defined as 

20 
In serpentine bends formed by elastic curves, mode conversion at the 
critical frequencies causes an increase in TEn attenuation’ 





Aa; WwW Co : 01 
a ga [petal en Pie 23 
01 E x2| Aa’ (23) 
and a spurious mode level in the particular coupled mode® 
1 Dp _ Ww Co Q01 
B,| ~ El Bon |e’ = 














where w = weight per unit length of the pipe, 
E = modulus of elasticity, 
I = moment of inertia, 


DIELECTRIC-COATED WAVEGUIDE 1263 


and cy is the factor in the bend coupling coefficient c = c/R determined 
by waveguide dimensions, frequency and the particular mode. F is the 
bend radius. . 

Equations (23) and (24) hold only as long as 


4Aa; K | Aq | (25) 


is satisfied. The rate of conversion loss has to be small compared to the 
difference between the rates of decay for the unwanted mode and TE; 
amplitudes. If (25) is not satisfied a cyclical power transfer between 
TE and the particular coupled mode occurs, and the To; transmission 
is seriously distorted. 

Another case of changing curvature of the waveguide is random de- 
viation from straightness, which must be tolerated in any practical line. 
Such deviations from straightness change the curvature only very gradu- 
ally, and since there is no coupled wave in the dielectric coated guide, 
which has the same phase constant as the TEo; wave, the curvature may 
be assumed to vary only slowly compared to the difference in phase 
constants. Under this condition’ the normal mode of the straight wave- 
guide, which here is the TE: mode, will be transformed along the 
gradually changing curvature into the normal mode of the curved wave- 
guide, which is a certain combination of TE, and the coupled modes. 
This normal mode will always be maintained and no spurious modes 
will be excited. 

The change in transmission loss is therefore given alone by the differ- 
ence between the attenuation constants of the TE, wave and the nor- 
mal mode of the curved waveguide. The propagation constants of the 
normal modes of the coupled lines are I’; and I: as given by (16). Only 
the mode with I, will be excited here and consequently the attenuation 
difference is given by (20). 


IV. CIRCULAR ELECTRIC WAVE TRANSMISSION THROUGH CURVED SECTIONS 
OF THE DIELECTRIC-COATED GUIDE 


In curved sections of the plain waveguide the wave solution has been 
described in terms of the normal modes of the straight waveguide. In this 
presentation it has been found that the TE, wave couples to the TM); 
and TE;, waves in gentle bends. Likewise, the wave solution in curved 
sections of the dielectric-coated guide can be described in terms of the 
normal waves of the straight dielectric-coated guide. In a waveguide with 
a thin dielectric coat the normal waves may be considered as perturbed 
normal modes of the plain waveguide. Consequently the bend solution 
of the plain waveguide may be taken as the first order approximation 
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for the bend solution of the dielectric-coated guide. In this first order 
approximation the To: wave of the dielectric-coated guide couples to 
the TM, and TE;,, waves of the dielectric-coated guide and the coupling 
coefficients are the same as in the bend-solution of the plain waveguide: 


TE 2TMn  ¢ = 0.18454 o 


TKo @ TKu 





0.09319(Ba)? — 0.84204 aaa | 1 
c= i v/ Buab.a + 0.09319 V BuaBua R? 
Tha @ TEx: (26) 
0.15575(Ba)? — 3.35688 Bo aBt | 1 
c= | ~/ Bora8y20 + 0.15575 V/ Boa bya R? 


TKa @ TEs 





ame — 0.60216 
V/ Boia i301 


8B = free-space phase constant. 

_ With the coupling coefficients (26) and the propagation constants as 
given by (10) and (14) the coupled line equations can be used to com- 

pute the TE transmission through curved sections. Since the absolute 

value of c/Ay is usually small compared to unity, the mode conversion 

loss is given by (19), the increase in TE: attenuation by (20), and the 

spurious mode level by (21). 

The curves in Figs. 3, 4 and 5 have been calculated for the 2-inch 
pipe at a wavelength of 5.4 mm. They take into account the effects of 
the three most seriously coupled modes, TMi, TE, and TE, . 

In very gentle bends of a guide with a very thin coat, coupling effects 
to the TE,,, modes are small and only TM,; coupling influences the TE: 
transmission. The increase in TE; attenuation in such bends is obtained 
by substituting the expression (10) for the TMi phase difference in (20). 


Aa, 0.034 ¢ la@ 
01 = vo" (e’ = Ly? & R?- 
Note that (27) requires | c/Ay | «< 1 and consequently (1/5)(a/R) < 1. 
In Fig. 4, as well as in (27), losses in the dielectric coat have been neg- 


lected. Equations (10) show that the dielectric losses are small com- 
pared to the wall current losses for a low loss dielectric coat. 


+ 0.01376 VB | ' 








(27) 
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Fig. 3 — Maximum conversion loss of the TEo: wave in a uniform bend of the 
dielectric-coated waveguide. 2a = 2 inches; \ = 5.4mm; e = 2.5. 


There are two different applications of the dielectric-coated guide, 
which require different designs: 


1. Intentional bends 


These are relatively short sections and the increase in TE. attenuation 
is usually small compared to the bend loss. Also, a high spurious mode 
level can be tolerated, because with a mode filter at the end of the bend 
we can always control the spurious mode level. Consequently, the only 
limit set for this type of bend is the mode conversion loss of the TE: 
wave. There is conversion loss mainly to TEy , TE;. and TM, . Increas- 
ing the phase difference of the TMu wave by making the dielectric coat 
thicker decreases the phase-difference between TE; and TEy» and in- 
creases the phase-difference between TEo, and TEn . Apparently we get 
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Fig. 4 — Increase in TE attenuation of a dielectric-coated guide in a uniform 
bend. 2a = 2 inches; e = 2.5; = 5.4 mm. 


very near to an optimum design with a dielectric coat for which: 


Gra @ 
C /TM 11 Cc TE12— 


For this condition conversion losses to TMn and TEy. are equal, while 
the conversion loss to TE, is small. 

To find values which satisfy (28) we will generally have to solve (1) 
because the TM, phase difference required by (28) is too large to be 
calculated with the first order approximation. At a wavelength of 
\ = 5.4mm and a dielectric constant « = 2.5 the optimum thickness of 
the coat according to (28) is 6 = 1.25 per cent in the 2-inch pipe. In Fig. 6 
the mode conversion loss in a dielectric-coated guide of this design is 
plotted versus bending radius. 


2. Random deviations from straightness 


As mentioned before, random deviations from straightness change the 
curvature only gradually and only one normal mode propagates. Mode 
conversion loss and spurious mode level are very low. The normal mode 
attenuation depends on the curvature. The increase in normal mode 
attenuation as caused by curvature is obtained by adding the attenua- 
tion terms (20) of the various straight guide modes which are contained 
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Fig. 5 — Spurious mode level in a uniform bend of a dielectric-coated guide. 
2a = 2 inches; e = 2.5;\ = 5.4mm. 


in the normal mode. The bending radius F# is a function of position and an 
average bending radius, 
1 1 f’ dz 


Rav Jo BR?’ 





(29) 


has to be used in (20). 

All the attenuation terms (20) decrease with increasing coat thickness 
6; the TEo; attenuation in the straight guide (10) and (14) increases with 
6. Consequently there is an optimum thickness for which the total in- 
crease in attenuation is a minimum. This optimum thickness depends on 
the average radius of curvature. In Fig. 7 optimum thickness and the 
corresponding increase in attenuation have been plotted versus the 
average radius of curvature. 

In gentle curvatures the normal mode is a mixture of TE, and TMi, 
only and the attenuation increase as caused by the curvature is given 
by (27). In this case the optimum thickness and the corresponding 
attenuation increase are: 
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11 We a 
bo = Speen ae nD) 30 
pt a/2 Dot (e’ = 1 ba Ray ( ) 


EGET pe kare ee ey ae EY 31 
01 vor a/ e — 1 Rav (1) 


We note that 5.) does not depend on frequency. 
So far we have listed only the useful properties of the dielectric-coated 
guide. There is, however, one serious disadvantage. Serpentine bends 


caused by equally 


spaced discrete supports and the elasticity of the pipe 


are inherently present in any waveguide line. At critical frequencies, when 
the supporting distance / is a multiple of the beat wavelength A, between 
TEo. and a particular coupled mode, an increase in TE attenuation 
(23) and a spurious mode level (24) result from the mode conversion. 

We evaluate (23) and (24) for a dielectric-coated copper pipe of 2.000- 
inch J.D. and 2.375-inch O.D. and a supporting distance! = 15 ft. The 
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Fig. 6 — Bend conversion loss in a dielectric-coated guide of optimum design 
according to equation (28). 2a = 2 inches; 6 = 1.25%; « = 2.5;X = 5.4mm. 
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result is for coat thicknesses which cause the wavelength \ = 5.4 mm 
to be critical with respect to TEo—-TMyu coupling: 





6 = 0.002 l=, ae = 43.3 20 logic By = —1.29 db 
01 Ey, 
= 0.004 = 2d = 2.70 = —13.382 db 
= 0.006 = 3X = 0.169 = —25.37 db. 


The values corresponding to 6 = 0.002 do not satisfy the condition (25). 
Therefore they cannot be considered as a quantitative result but only as 
an indication that the mode conversion is very high. We conclude from 
these values that the mode conversion is much too high for a coat thick- 
ness which makes the beat wavelength between TE, and TMy; equal to 
the supporting distance or half of it. 

If no other measures can be taken, such as removing the periodicity 
of the supports or inserting mode filters, the lowest critical frequencies 
of TEo-TMu coupling have to be avoided. A dielectric coat must be 
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Fig. 7 — Optimum coat thickness and increase in TE; attenuation of a dielec- 
tric-coated guide with random deviations from straightness. 2a = 2 inches;\ = 5,4 
mm; e¢ = 2.5. 
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chosen, which is thin enough or thick enough to keep these critical fre- 
quencies out of the band. 

Mode conversion from TE: to the TE;,, modes in serpentine bends is 
not changed substantially by the presence of the dielectric coat. Gener- 
ally these mode conversion effects decrease rapidly with the beat wave- 
length. When the curvature varies slowly compared to the difference 
in phase constant between coupled waves almost pure normal mode 
propagation is maintained.’ 


V. MODE CONVERSION AT TRANSITIONS FROM PLAIN WAVEGUIDE TO THE 
DIELECTRIC-COATED WAVEGUIDE 


We consider a round waveguide, a section of which has a dielectric 
layer next to the walls. A pure TE, wave incident on this dielectric- 
coated section will excite TE., waves. For circular electric wave trans- 
mission it is important to keep low the power level of the higher circular 
electric waves which have low loss. 

In an evaluation of Schelkunoff’s generalized telegraphist’s equations 
for the TEo, mode in a circular waveguide containing an inhomogeneous 
dielectric’ S. P. Morgan describes the wave propagation in the dielectric- 
filled waveguide in terms of normal modes of the unfilled waveguide. 
The only restriction made in this analysis for the dielectric insert is 


1 
a fle-1las «1, (32) 


where S is the cross-sectional area of the guide. 

The dielectric-coated guide satisfies (82), and we may use the results 
of Morgan’s evaluation here. 

The round waveguide is considered as an infinite set of transmission 
lines, each of which represents a normal mode. Along the dielectric- 
coated section the TK», transmission lines are coupled mutually. The 
coupling coefficient d between TE and one of the TE, waves is ob- 
tained by taking Morgan’s general formula and evaluating it for the di- 
electric coat: 

(e’ — 18s 
d= PoPom / BorBom 3° (33) 
We introduce this coupling coefficient into the coupled line equations 
(16). Since d/AB <« 1 for any of the coupled modes, the spurious mode 
level at the output of the dielectric-coated section is given by (21), 


, 2 
Hines “BO Togg 2 Pot 8 (34) 
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Fig. 8 — Higher circular electric waves at a transition from plain waveguide 
to the dielectric-coated guide. e = 2.5; a/X = 4.70. 


Fig. 8 shows an evaluation of (34) fora/d = 4.70 and ¢’ = 2.5 correspond- 
ing to a 2-inch pipe with a polystyrene coat at \ = 5.4 mm. 


VI. SUMMARY 


A theoretical analysis of wave propagation in the dielectric-coated 
guide is presented to provide information necessary for circular electric 
wave transmission in this waveguide structure. The normal modes of a 
waveguide with a thin dielectric coat are perturbed modes of the plain 
waveguide. While the perturbation of the phase constant is only of third 
order of the coat thickness for the circular electric waves, it is of first 
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order for all other modes. Thus, the degeneracy of equal phase constants 
of circular electric waves and TM, waves can be removed quite effec- 
tively. The additional attenuation to TE»; wave as caused by the dielec- 
tric loss in the coat and the increased wall current loss remains small as 
long as the coat is thin. 

The dielectric-coated guide may be used for negotiating intentional 
bends or for avoiding extreme straightness requirements on normally 
straight sections. For intentional bends of as small a radius as possible, 
an optimum thickness of the coat makes the mode-conversion losses to 
TM, and TI,2 modes equal and minimizes the total conversion loss. 
Tor random deviations from straightness, an average radius of curva- 
ture is defined. For this average radius an optimum thickness of the coat 
minimizes the additional TE attenuation as caused by curvature and 
dielectric coat. In random deviations from straightness, propagation of 
only one normal mode is maintained as long as only the rate of change 
of curvature is small compared to the square of the difference in phase 
constant between TE); and any coupled mode. 

Serpentine bends, caused by equally spaced supports and the associ- 
ated elastic deformation of the pipe, increase the TI, attenuation sub- 
stantially at certain critical frequencies, when the supporting distance 
is a multiple of the beat wavelength. The lowest critical frequencies of 
TEo-T'My coupling corresponding to a beat wavelength, which is equal 
to the supporting distance or half of it, have to be avoided by choosing 
the proper coat thickness. 

At transitions from plain waveguide to dielectric-coated guide higher 
circular electric waves are excited by the TE»; wave. However, the power 
level of these spurious modes is low for a thin dielectric coat. 
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APPENDIX I 
Approximate Solutions of the Characteristic 'quation 
In the following calculation we will use the definitions: 
Raa, px) = In(x) Nn-(px) — JSn-1(pt) Nal), 


(35) 
Sr(x, px) = Jn1(x) Na(px) — Jn(ox) Nn-i(2), 
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and their relation to the definitions (2); 


Walx, px) _ ale, px) Snoi(@, pt) _ a 
Un(a, pt) ” U,(x, px) Un(a, pt)” 
Vn (x, px) —_ Un, px) ae nRala, px) 
Znla, pt)  ” 2Sn(a, pt) + nU,(a, px) 


To find solutions of (1) for 1 — p = 6 <1 we first substitute for the 
functions (86) their series expansions with respect to 6. 
We have for instance 


Un(a, px) = Nila) Ja(e — 64) — Jn(x) Naw — 62) 


where we introduce 


+n = —px 
(36) 
+n 


(6x)’ 
2 


= Jn(x) + 6x Exe = ‘ ~0) 


+2 Ee) +(H2 1) ne] +, 


x 


Ina — 60) = Tala) + bxTq' (a) + In" (@) + + 








and 


N,(@ — 6%) = Na(x) + bx | Wess(e — NaC) | 


+ Ol vee) + (25-1) m@ | eo. 


v 





Upon using the relation 
2 
Fnyilx) Na (x) i Jn(x)Nasi(x) = ap 


we get 

2.2 2 

Ueto, on) = 231 +34 ("42 _1)| 4069, @7 
and by the same procedure 


Rn (x, px) = = E —(n—1)6+ (e-ve-3 _ 1) - 


a2 


71 Z (1 4 m= = = >) an | + 0684), 





(38) 
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With these expressions the functions (36) are approximated by: 


Welt ot) _ (1 a s) + 068), 


U(x, px) 6 (39) 
V,(a, px) = 2 = 2 2 
Tig as n) + 0(6), 

and for n = 0 especially: 

1 Volz, pt) _ _ 1 UiG, px) 

px’ Zo(x, px) x Ry(x, px) (40) 


= —3|1 +h48(Fe+3)] 4069. 


Since for 6 = 0 the roots of Jn(pa1) = O and J,,'(p21) = O represent the 
solutions of (1) for the TM and TE waves respectively, we expand the 
Bessel functions of the argument px, in series around these roots: 


pt = (1 — 6)(pum + Ax). 


The result for TM waves is 











ot As J n (p21) _ 1 ‘ 
Jn(Pnm) = 0: TeGay Meee (41) 
for TE: waves: 
7] Bs “ 21) n — ain 
and for TH.» waves especially: 
J 0 (Dom) ram 0: 
: (42) 
ONO hig ta pes so (Aa” + 8°Pom') ze (3 + 2pm) 
Jo(px1) ‘Dom Dom Pom 6 Pom Pom }- 


Introducing (89 --- 42) into the characteristic equation (1) and neglect- 
ing higher order terms in 6 and Az we get the following approximations 
for (1): 





2 
TMam Waves: Ay = (Pon 2 )a 





€ Dam 
x Oi a 2 ne (43) 
TE nm Waves: Ag = 22 Pam 
sor Pam — 1” €Dnm 
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sat ae = (as — Pon’ )6. (44) 


If we write for the perturbed propagation constant 


Y = Ynm + Ay, 
we get with (8) and (4): 
2 Ynm 4 


Ax =a Y 


nm 


se 2 
V1 Vrnm Ay, 


Vam 


and 
= (e Sak 2 nm) pu 
Vnm 


in which 


Nenm 27 a ° 


Using these expressions in (43) and (44) we finally get approximate 
formulae for the perturbation of the propagation constant as caused 
by the dielectric coat: 


TMam Waves: — =—— 6 
Yum € 
Ay n e—l1l 1 
Eee aNeS: ae = Pant — 72 Se f= 922 6 (45) 








TEom Waves: es 
Yom 3 1 > Dory 


The series expansions used so far hold only when (1 — p)a < 1. Approxi- 
mate expressions which require only (1 — p) « 1 are: 





: aie ae 
= 2 2 
2 sin i V/ px n 

T V px? — n? 


S,(z, 2) = “a ae | ve cos (“FS Se Vat) 


Sm lf ver=a)] 
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If 2” >> n’ these expressions may be further simplified: 











U,(a, px) = — ——sin (1 — p)z 

Ve ? 
S,(x, px) = —— —— cos (1 — p)a. 
(x, p = Fe (1 — p)x 

Substituting these values in (36) we get: 
W,.(2, 

pe = px cot (1 — p)x — n, 

ni-— p 

1—-- cot (1 — p)x 
Zn e pt) 


n 
1 — ; tan (1 — p)x 


With the restrictions (1 — p)x < 7/2 and n < x we may write: 


Toes = px cot (1 — p)z, 
: ; - (46) 
n\, pt) =. 
AC a px tan (1 — p)a. 


With (46) the characteristic equation (1) is 
2 2 2 
rn E - 4] 2 i v2 — Xy E Jn ’(px1) +< &: eae in| 


A ag Xo? — ety? | 1 J n(p21) 


1lJn “oa) 1 | _ 
|2 Ts (pas) e — tan 6%] = 0. 








Solving this equation for cot 6x2 we get: 


cota =F g/1 4%, (47) 
in which 
_ ei J n(p21) E n (a1 Te ae) (are = e)| se ate Jn (pt) 
Jn‘ (px1) €p xyia2? ex, Jn(pa1) | 


To evaluate (47) we specify a value of AB/Bnm and enter the right hand 
side of (47) with 


vy = Pam : = 2 Bana! (1 538), 





te = (€ — I)Bam @ + 21’, 
1 — bj 


p 
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in which 6, is a first order approximation as given by (10) for a particular 
mode. Equation (47) then yields a value 6; which is usually accurate 
enough. To improve the accuracy the same calculation is repeated using 
62. Since for small values of 6 a change in 6 affects the right hand side 
only slightly this method converges rapidly. 


APPENDIX II 
The TE Attenuation in the Dielectric-Coated Waveguide 
The attenuation constant of a transmission line can be expressed as 


a= bP 
2 FP 
in which Py is the power dissipated per unit length in the line and P is 
the total transmitted power. For the dielectric-coated guide the power 
P y is dissipated in the metal walls with finite conductivity c. 

For TEon waves the wall currents are i = H,(a) (H, axial component 
of the magnetic field) and therefore 


1 pie 
2Jo to 


- H.(a)H*(a) 


Px 


where t = skin depth and ¢ = conductivity. 
The total transmitted power is 


2a a 
yeas =a [ LH, *rdr de. 
2Jo Jo 
We introduce expressions for the field components, which are listed 


elsewhere” * and carry out the integration. Finally we express the wall 
current attenuation in terms of the functions (2) and (35); 


au = ae (Baht Eom 
Pom bo? = ex7" i 
2 
(2 a 1) (wie. ) px») + > Ry(x2 ; pr.) Ri(xe 4 pe) | ia 
1 


To get an approximation for a thin dielectric coat we use the expressions 
(37) and (88) and obtain 





(48) 





Aa Qu — a : 
foe Se ee ape f. (49) 


Qom Qom Vom. 
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Circular Electric Wave Transmission 
Through Serpentine Bends 


By H. G. UNGER 
(Manuscript received January 9, 1957) 


An otherwise straight waveguide line with equally spaced discrete supports 
may deform elastically into a serpentine bend under its own weight. The 
TE wave couples in such bends to the TMu and TE), waves. The general 
solution of coupled lines with varying coupling coefficient is applied to a 
serpentine bend by an iterative process, and evaluated for the elastic curve 
resulting from a periodically supported line. TEo1-TMiu coupling causes 
only a small increase in TK attenuation. Mode conversion to TEy, waves 
can become seriously high at certain critical frequencies when the supporting 
distance is a multiple of the beat wavelength. In a copper pipe of 22 inch 
O.D. and 2 inch I.D., the mode conversion to the TEi: wave at critical 
frequencies near 5-mm wavelength causes a TE: attenuation increase of 
90 per cent and a spurious mode level of —7 db. These mode conversion 
effects can be controlled effectively by inserting mode filters. 


I. INTRODUCTION 


In curved sections of round waveguide the TE; - wave couples to 
the TM, and TE}, waves, and power is converted to these waves when 
the TE wave is transmitted through bends. A form of bend which is 
inherently present even in an otherwise straight and perfect line is the 
serpentine bend, Tig. 1. Between discrete supports the pipe is deflected 
by the force of its own weight. The resulting curve is well known from 
the theory of elasticity. The curvature varies along the axis following 
essentially a square law. The minimum bending radius occurs at the sup- 
ports. For the practical example of a copper pipe of 23-inch O.D., 2.00- 
inch J.D. and a supporting distance of 15 ft, this minimum bending ra- 
dius is 992 ft. A uniform bend of this radius would convert most of the 
power incident in the TE; wave to the TM, wave after a certain length 
of bend. 

Fortunately a serpentine bend with the same order of bending radius 
does not affect circular electric wave transmission as seriously as does a 
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Tig. 1 — Serpentine bends. 


uniform bend with the same bending radius. This will be shown in the 
following analysis. 

A treatment of serpentine bends given previously by Albersheim’ con- 
siders only circular and sinusoidal curvatures. Furthermore, it does not. 
show all the effects of serpentine bends that we are interested in. We 
shall present a more general and complete analysis here. The only re- 
striction we have to make is that the power exchanged. in one section of: 
the serpentine bend from the TE: mode to any of the coupled modes or 
vice versa is small compared to the power in the mode from which it has 
been abstracted. The curvature may be any function of distance along 
the serpentine bend. 

The general results indicate that normally a serpentine bend causes an 
additional attenuation to the TE mode. Part of the TE, power which 
travels temporarily in one of the coupled modes suffers the higher attenu- 
ation of this coupled mode. Formulae for this increase in attenuation 
constant are obtained for periodically supported guides from the deflec- 
tion curve given by the theory of elasticity. 

The coupling between the TEo, and TMi waves causes only a very 
slight increase in TE: attenuation, since the difference in propagation 
constant for these two modes is very small. In fact, if there were no 
- difference in propagation constant, as in the round guide of infinite wall 
conductivity, coupling between To, and TM waves in serpentine bends 
would not affect the TE, transmission at all. 

Coupled modes which have a larger difference in phase constant than 
TM, but still are close to TE: cause a serious increase in TE. attenua- 
tion at certain critical frequencies. If a multiple of the beat wavelength 
between the TE. mode and a particular coupled mode is equal to the 
supporting distance, power is converted continuously into the coupled 
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mode. For low attenuation in the coupled mode the power transfer may 
even be essentially complete. 


II, SOLUTION OF THE COUPLED LINE EQUATIONS 


In a curved round waveguide the TE; mode couples to the TMuy 
mode and the infinite set of TE,, waves. Consequently, the wave propa- 
gation is described by an infinite system of simultaneous first order 
linear differential equations. An adequate procedure is to consider only 
coupling between TE); and one of the spurious modes at a time. Thus, 
the infinite system of equations reduces to the well known coupled line 
equations,” 


al 
dz 


dls, + y2l2 — ki, 
dz 


+ mit — kk, = 0, 
(1) 


ll 
o 


in which 


Ei, (z) = wave amplitudes in mode 1 (here always TE.) and mode 
2 (TM, or one of the TE;,), respectively; 


1,2 = propagation constant of modes 1 and 2, respectively, 
(The small perturbation of y; , ye caused by the coupling 
may be neglected here); and 
k(z) = jc(z) = coupling coefficient between modes 1 and 2. 
In the curved waveguide the coupling is proportional to the curvature; 
Co do 
ea — 2 
c= EO, (2) 


in which F = radius of curvature, and 6 = direction of guide axis. (The 
various coupling coefficients are listed in the appendix.) Without loss of 
generality we start with 6(0) = 0. We will use the average propagation 
constant y , 


= 3(1 + 2), 
Y Y. Y (3) 


Ay = 34("1 — 12). 


Several coordinate transformations will change (1) to a form which can 
be solved approximately. A similar procedure has been used to solve the 
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related problem of the tapered mode coupler.® With the first transforma- 
tion 


Ey(z) = ge” [u(z)e"” + us(zye *°*], (4) 
Ex(z) = 46° [us(z)e*” — un(z)e*"], 
the new coordinates satisfy the equations: 
a + Aye "uy = 0, 
(5) 
due J2c 90 
rae + Aye Uu= 0. 
With the second transformation 
u(z) = S[rr(z) e** + vo(z) e**™, 6) 
us(z) = $[ri(z) eo" — v2(z) 7°], 
v,(2) and v2(z) satisfy 
dv, - 2 ; . 2Ay 
are 2Ay sin” cov, + JAY sin 2e6e° “*v. = 0, 
(7) 
= -+ 2Ay sin” ev, — jAy sin 2c0e""y, = 0. 
With the third transformation 
V3(z) = w,(z) exp (2a7 [ sin” 0 ie’) , 
0 
(8) 
~ ve(z) = wolz) exp (- 2Ay i sin” 06 iz’) : 
0 
We finally get the equations 
d 
a + £(z)we = 0, 
F (9) 
— t &@u = 0, 


_ in which 
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£1 0(z) = + jAy sin 20 exp | = 2an{ —2 i sin” ¢9 i’) | . (10) 
0 


As long as we have the condition i | £1,2(2’) | dz’ < 1, approximate 
0 


solutions of (9) can be written down which proceed essentially in powers 
of £2 as follows, 


wi(2) = wy(0) — w4(0) fee’) ae! 


+0) | ne’) [ale ae” ae’ 


(11) 
wa(2) = wa(0) — wi(0) | eae) ae 
+ wo) fee) [ se") ae” ae’ 
The new coordinates are related to the wave amplitudes by: 
Ex(z) = ; e {w (z) exp | - Ay (2 — 2 f sin” oo i’) COS C0 
0 
+ jur(z) exp E (< —2 [ sin” c6 i) sin as}, 
0 
(12) 


Lz) = : ge. {iste exp | - Ay (< —2 - sin” oo i) sin C0 
0 


+ w2(z) exp E (< —2 [ sin” 0 i) COS oa 
0 


The solution (12) in combination with (11) is general and may be 
applied to any form of curvature as long as the converted power remains 
small compared to the original power in either of the modes. 


Ill, WAVE PROPAGATION IN SERPENTINE BENDS 


If we apply (12) to a section of a serpentine bend with the length J we 
have 6(!) = 0. The output amplitudes are related to the input ampli- 
tudes of both modes by a transmission matrix 


EQ) = || T || £:0). (13) 
The elements of || 7 || are obtained from (11) and (12): 
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l z 
Tu => 1 +f a | &(z’) i'd | 
U 
“exp | - Wl + 2Ay i sin’ CoO iz], 
0 


I U 
Ts = [ £,(z) dz exp | ul + 2Ay [ sin” cof a:| ; 
0 0 


1 Z 
Th. = — i f(z) dz exp | — 2Ay i sin’ co ae|, ld) 
0 0 


l Zz 
To. = E -- | £2(z) I £1(2’) dz’ ae| 
t 
“exp | -u — 2Ay | sin” 6 iz]. 
0 


For a line of iterative serpentine bends we apply the rules of matrix 
calculus. If Lio = 1 and Ly = 0 at the input of the first section, then 
the output amplitudes of the n™ section are: 


1 Tn — T2 | = 
E nme 1 + SS ee Med 
: 2 | V(Tu — T22)? + 47 eT a : 
1 Ty a T' 20 | - 
ba 1 —— "92 15 
+ 2 | V(Tu — Tr)? + 47 2T 2 ae 
T 12 = = 
E joes 77; a Cae ts 7) weal 
* = Pa Ta t Taka ae 
where 
eo? = UT, + Po A/ (Tig — Poa) AT oT ail. (16) 


Two limiting cases for the expressions (15) and (16) are of special interest: 
1. | Tu — Te |? >> 4) Te To | 
ToT 1 


“1p 
: ea 
= T2T 1 =n —nge 
fos NOL i) ae ng2 
Ey, =e (T, — Ta? le Grrr. REF) 
= T2T 4 T 12 —n —n 
oro? PE Fi fs tS 
ie a Pa TSS 
2.4/T2Ta| >| Tu — Tx!’ 
one 2 Tut Te yo 
Em = 3(€°" + 6°) (18) 


ee ee 
Lon 9 Ts (e € ). 
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In case 1 the wave amplitude /, is only affected by a slight change of 
the propagation constant. The small additional term in the expression 
for Hy, can usually be neglected. The power in the wave £2, is small 
compared to the /£}, power; 7'2 1s usually of the same order of magnitude 
as T'1 . 

In case 2, however, a complete power transfer between Z}, and Lon 
occurs cyclically if the loss is sufficiently low. Consequently, condition 
(18) has to be carefully avoided. Rather, condition (17) must always be 
satisfied. 


IV. ‘SERPENTINE BENDS FORMED BY ELASTIC CURVES 


A section of the waveguide line between two supports deforms like a 
beam fixed at both ends. Under its own weight, w per unit length, such 
a beam will bend and form an elastic curve, Fig. 1, whose deflection 
from a straight line is given by: 


= whe 1-7) (19) 
Y * 94ET P ee 
in which # = modulus of elasticity of the beam, and J = moment of 
inertia of the beam. Since we are concerned with small deflections y 
only, we have x = zand 6 = dy/dzx. Hence, 
2 3 
2 zZ 2 
o=a($-35 +25), (20) 
in which d = wl’/12ET. Introducing the elastic curve (20) into the trans- 


mission matrix (10) and (14) and performing the integrations with sin 
CoO = cof we get for the elements of the transmission matrix: 


d 
Tu = exp | - yil + Ayl es = +, res TERE a [9 — 3Ay'T + AyT 
Z 4 272\2 2Ay1 
cod : 
— os 1 — Ay ah 
T2. = exp | - Vol Ayl | | + ——_ rie tA,5f5 “(9 BAyT + (21) 
aa = Ay'l op ae i Ay'l’ — (8 + 8Ayl + antec], 
. Co 272, —yol 
T 1. = Tx = 7 sft @ — Bart + AFP 14 


— (34+ 8Ayl + AYP). 
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The expressions (21) are hard to evaluate, but for some special cases of 
interest they can be simplified greatly. 

To compute the coupling effects between the TIo, wave and the 
“TMi wave we make use of | Ayl| « 1 and get the following approxima- 


tions: 
cod’ cod ) 
T =| ae Ay | exp (m 105 Ay ) 1, 


2 72 

cod” , 
T= f+ 22 ay't | exp - (1 + OF 2 ay) (22) 
T 12 — Tx = = jo ay Pe! 


In (22) the condition | Tn — Tx2|* >> 4| TT’ | is satisfied; conse- 
quently the wave propagation is described a (17), 


2 72 
EY sess = _ © dy ynl 
Lyn = exp (n 105 ay) nl Ge 0 @ Awe sinh Aynle™’, 
(23) 
Eo, = j - Ayl sinhAynle™". 


In addition to small oscillations, which are negligible, the wave ampli- 
tude £ suffers an additional attenuation 


2 72 
Cod 


Aas = ~ 105 


Aa. (24) 
Physically this means that to a first approximation there is no net power 
transfer from EL, to E,. The power converted from FE, to /, in one 
section of the iterative serpentine bends is all reconverted in the same 
section. But this power, which travels partly in the EH. wave, suffers 
the /, attenuation and consequently changes the £; attenuation. 

To evaluate (24) we introduce the coupling coefficient and the differ- 
ence in attenuation constants between the TEo: and TMi wave. Then, 
the relative increase of TE; attenuation is: 


Aas 
Qo1 





= 6.39 XK 10 a & (200% -1), (25) 


where aq = attenuation constant of TEo , 


a = inner radius of pipe, 


> 
| 


= free-space wavelength. 
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A numerical example shows that the increase in TE attenuation caused 
by coupling to the TM, wave in serpentine bends is small. ‘or a copper 
pipe with 2.00-inch I.D. and 23-inch O.D. and a supporting length 
1 = 15ft, wehaved = 1.51 X 10°, and at \ = 5.4mm we get Aa,/a, = 
0.19 X 10°. . 

For coupling between the TE: wave and the waves of the TE;, family 
the difference in propagation constant is no longer small; the approxima- 
tion which was valid for the TM, wave can not be made for TE,, waves. 
Actually, the supporting distance is usually several beat wavelengths. 
Therefore, no essential simplifications of (21) are possible for the general 
case of coupling between TE; and TE,, . But closer examination of (21) 
shows that if 


2A6l = 2mr m= 1, 2,3, «++ (26) 


is satisfied, the difference T1,—T22 becomes very small. The net power 
converted to any of the TE,, modes may be small in each section of the 
iterative serpentine bends, but if (26) is satisfied the contributions from 
each section add in phase and in a long line with the square of distance 
more and more power is built up in the particular TE, wave. Only when 
‘the attenuation in this TE,, wave is large enough to damp out the power 
as fast as it is converted will an undistorted TI, propagation be main- 
tained. This condition for the attenuation constant can be derived from 
| Tu — T2 |? >>4| TT |. If | AB | >> | Aa] and | Aed | > ed’ /10mr 





then Ty — Tx2 = —2Aale™’, and since Tel = —9 co'd?/m'n* 6 ?™ 
the condition for undistorted TE; propagation is: 
cod 
| Aal |? >> 9 =. (27) 
mtr 


If (27) is satisfied the wave propagation is again described by (17). 
Neglecting all terms which are small because of (27) the wave ampli- 
tudes are: 


E _ 1 9 cod 1 —yyznl oe 9 cod 1 (1 aaa —yinl 
ee + mrt 2Aal . mir 4A ° : : 
oa — (28) 
7 we Co _ jtAenh —ynl 
a ame mr 2Aal U le : 


For not too large values of n, the first term of #,, may be written: 


272 n 272 
Co d 1 —yynl __ = ( _ Co d 1 ) | 
E ae mr mal eo | HER mrt 2Aal? ak 


The additional attenuation to the EL; wave as caused by the continuous 
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power abstraction is seen from this expression to be 


ae ae (29) 
mrt 2Aal? 
The condition (27) may now be written 
2QAa, K | Aa |, (30) 


or, the rate of conversion loss has to be small compared to the difference 
between J. attenuation and /; attenuation. 

When the wave is travelling through a large number of serpentine 
bends, power is built up gradually in the #, mode to a constant value, 


by Cod 1 
iy mr | 2ZAal 





; (31) 











Both the attenuation increase and the power level in spurious modes can 
seriously affect the #, transmission. 

To evaluate (29) and (31) we rewrite them with mr = Al and 
d = wil’/12ET as follows; 


Aas _ -|% Co | oon (32) 


Q01 EI (2AB)?a01 2Aa’ 
ie2|  w Co Q01 
E, | ~ Et @AB)%a0: | 2A |" oe 














We note from (32) and (33) that the coupling effects cannot be controlled 
by changing the supporting distance. Only the number of critical fre- 
quencies in a given range decreases with decreasing supporting distance. 

The previously cited numerical example of the 2 inch copper pipe 
yields the following values at the critical frequencies of the two lowest 
TEin Waves near \ = 5.4 mm: . 


Aa; Ey 














Qo, 1 
TEy 3% = 0.855 20 log | “2| = —6.85 db. 
01 Ky 








The mode conversion, especially to the TE, wave, causes a seriously 
high additional attenuation and spurious mode level. 


V. MODE FILTERS IN SERPENTINE BENDS 


Periodically spaced supports are a condition for the critical case de- 
scribed by (32) and (38). Accordingly, the coupling effects can be con- 
trolled by removing the periodicity of the supports. 


ce a I a 
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Fie. 2 — TEo: attenuation increase of TEo-TE1 coupling in serpentine bends 
with mode filters; 2-inch I.D. 23-inch O.D.,\ = 5.4 mm. Serpentine bends are 
caused by equally spaced supports and the elasticity of the copper pipe. The sup- 
porting distance is a multiple of the beat-wavelength between TE; and TE. . 


An alternative to control the coupling effects is insertion of mode 
filters into the line. Mode filters which pass the TE,, waves without loss 
but attenuate all other modes have been developed in various forms. 
To estimate the amount of mode conversion control that can be achieved 
by mode filters, we make two different assumptions. Only the critical 
case of the supporting distance equal to a multiple of the beat wave- 
length is considered here. 

A. The mode filters are ideal; they present infinite attenuation to all 
unwanted modes. At the input of a section between two mode filters we 
have a TE. wave only and at the output the spurious mode level has 
risen to 


Ey 
Ey 


W Co 


= BT Gap” 





(34) 
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Fig. 3 — Spurious mode level of TEo:-TIE:2 coupling in serpentine bends with 
aoe ‘filters: 2-inch I.D. 23-inch O.D., \ = 5.4 mm. Serpentine bends are 
caused by equally spaced supports and the elasticity of the copper pipe. The sup- 
porting distance is a multiple of the beat-wavelength between THo: and TE, . 


The loss to the TE: wave caused by the mode conversion is equivalent 
to an increase in TE: attenuation 


= 1 Ww Co : 
a EB ols | - 2) 


Lis the spacing between two successive mode-filters. In (34) and (35) 
the attenuation constants of #; and £, are assumed to be equal. Iurther- 
more (34) and (35) hold only as long as the £2 power level is small com- 
pared to the 4, power level. 

Ideal mode filters is a rather optimistic assumption. Practical mode 
filters present only a limited attenuation to the unwanted modes. There- 
fore a more realistic procedure is to represent the effect of the mode 
filters by a uniform increase of unwanted mode attenuation. 

B. The mode filters with a loss A are considered to cause a uniform 
increase in /, attenuation Aa = A/L. Equations (82) and (33) modified 
to include this attenuation increase are: 





Aa, _ Ee ee | Qo. 
— =| = ; ts 
ato ETI (2AB)?a0, yee: 4 (36) 
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HK 2 Ww Co Qo1 


B, ET Qa pyan ony) 4 4 
L 


(37) 


An evaluation of the TE,-TEy. coupling in the previously described 
2-inch copper pipe for critical frequencies near \ = 5.4 mm is shown in 
Figs. 2 and 3. The mode filter loss of 1 db can be achieved for the TE. 
wave in an 18-inch long helix waveguide. A 100-foot spacing of the 
mode filters reduces the increase of TE, attenuation to 9 per cent and 
the spurious mode level to —26 db. 


APPENDIX 


The coupling coefficient for the wave coupling between the TE, wave 
and the TE, , TEy., TEi3 waves as well as the TMy wave have been 


calculated by 8. P. Morgan.* If c = c,/R, the factor c, is for the various 
waves 


TMn Cc = 0. 184546a, 
0.09319(Ba)? — 0.84204 





TEn ¢ = PU eT ae + 0.09319 VBuaBua, 
0.15575(Ba)? — 3.35688 oe ee 
TE G = SS aaa ae Vata, 
0.01376(Ba)? — 0.60216 wists 
TEs ¢) =  a/eaaeae + 0.01376 V/Bua8i00, 
where a = radius of waveguide, 


8 = free-space phase constant, 


Bnm 


phase constant of TE,» wave. 
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Nominal Mode Bends 


for Circular Electric Waves 


By H. G. UNGER 


(Manuscript received February 18, 1957) 


In dielectric-coated round waveguide the degeneracy or equality of phase 
constants of TE and TMy waves is removed. In such a non-degenerate 
waveguide, mode conversion in bends can be reduced by changing the curva- 
ture gradually instead of abruptly. With curvature tapers, which are of the 
order of, or longer than, the largest beat wavelength between TEo and any of 
the coupled waves, propagation of only one normal mode is maintained 
throughout the bend. Linear curvature tapers can easily be made by bending 
the pipe within the limit of elastic deformation. 

Changes in the direction of a waveguide line can thus be made by inserting 
a dielectric-coated guide section which is elastically bent over a fixed center 
point. A thirty degree change of direction of a 2-inch I.D. pipe with 380 ft 
of a dielectric-coated guide yields a total bend loss at 5.4-mm wavelength 
that is twice the TE: loss in 80 ft of straight pipe. An optimum bend 
geometry ts found which minimizes the total bend loss. The normal mode 
bend ts a broadband device. 


I, INTRODUCTION AND SUMMARY 


A major problem in circular electric wave transmission is the question 
of negotiating bends. In curved sections of a round waveguide the TEo 
mode couples to the TEn, , TEx , TI; --- modes and to the TMy mode. 
The coupling to the TMu mode presents the most serious problem, since 
the TE and TM, modes are degenerate in that they have equal phase 
velocities in a perfectly conducting straight guide. TE; power introduced 
at the beginning of the bend will be almost completely transferred to the 
TMy, mode at odd multiples of a certain critical bending angle. This 
power transfer can be reduced by removing the degeneracy of equal 
phase velocity of TE, and TMy modes. There are various methods to 
remove the degeneracy; a simple and a very effective one is a thin dielec- 
tric layer next to the walls of the waveguide. As a study of the dielectric- 
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coated waveguide has shown,! this dielectric layer changes the phase 
constant of the TMn wave without appreciably affecting the propaga- 
tion characteristics of the TE, mode. 

With removal of the TEoi-TMi degeneracy the mode conversion 
which occurs when a TE: wave passes through a bend of constant curva- 
ture may be considerably reduced, but it will not be completely elimi- 
nated. To design a bend with still lower mode conversion losses, we con- 
sider the effect of tapering the curvature along the guide. 

Guided wave propagation is most easily explained in terms of normal 
modes. Normal modes are solutions of the wave equation in a particular 
waveguide structure, and represent waves propagating without loss of 
power except for dissipation. In the straight waveguide the normal mode, 
in which we are mainly interested here is the TIX), mode. The normal 
modes of the curved section are not as simple as the straight guide modes, 
but they can be expressed as the sum of the normal modes in the straight 
waveguide. Here the mode of our main concern is the one which, when 
represented as a sum of straight guide modes, has most of the power in 
the TE: part of the sum; in other words, is most similar to the TE»; mode 
of the straight waveguide. 

At a transition from a straight waveguide to a curved waveguide the 
normal (TEpo:) mode of the straight waveguide will certainly excite this 
normal mode in the curved waveguide but it will also excite a series of 
other normal modes. All these modes propagate in the curved section, 
and at the other transition to the straight guide excite not only the TE, 
mode but a series of other normal modes of the straight waveguide. All 
the power in the other normal modes represents mode conversion loss 
of the bend. 

A transition which transforms the normal (TEo:) mode of the straight 
waveguide into only one of the normal modes of the curved guide and 
vice versa will avoid all mode conversion losses. Such a transition can 
be realized approximately by tapering the curvature. Beginning with 
zero curvature at the straight guide end of the taper, the curvature is 
increased gradually along the taper to the finite value of the bend. The 
normal (TEo1) mode incident from the straight guide will be gradually 
transformed into the particular normal mode of the bent guide which is 
most similar in field configuration to the circular electric wave. At each 
point along the taper there is essentially only one local normal mode cor- 
responding in its configuration to the value of curvature at that point. 

This taper, unless it is infinitely long, is however only an approxima- 
tion of the ideal normal mode transition. There will still be other modes 
excited with a very low power level. In the next section we shall analyze 
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the propagation in the normal mode taper. We will find that the taper 
should have a certain minimum length to work properly. Usually it has 
to be long compared to the beat wavelength between the TE: normal 
mode and any of the other normal modes into which power may be con- 
verted. 

In the plain waveguide the degeneracy between TE, and TMi causes 
an infinitely long beat wavelength. Hence, the normal mode taper would 
not work there. A nondegenerate waveguide is an essential condition 
for the normal mode bend. 

We shall confine our attention to the linear taper. This is not the 
optimum taper form, but it is most easily built. 

The residual mode conversion in the bend is to be accounted for as 
bend loss. This loss and the loss caused by the normal mode attenuation 
in the bend add up toa total bend loss. We shall evaluate the total bend 
loss for bend configurations which might be useful in circular electric 
wave transmission. For specified waveguide dimensions the total bend 
loss can be minimized by choosing the proper bend geometry. 

The normal mode bend is an inherently broadband device. The total 
bend loss shows the same order of frequency dependence as the loss in 
the straight waveguide. 


II, ANALYSIS OF THE NORMAL MODE TAPER 


In the curved waveguide, wave propagation can be described in terms 
of the normal modes of the straight waveguide. The relation between 
these modes is then given by an infinite system of simultaneous first 
order linear differential equations. It represents the mutual coupling of 
the straight guide modes in the curved waveguide. We are interested 
mainly in TE. propagation and shall restrict ourselves to a low 
power level in all other modes. Consequently, an adequate procedure is 
to consider only coupling between TE; and one of the coupled modes at 
a time. Thus, the infinite system of equations reduces to the well known 
coupled line equations:” 


dk eee 

arg = — yilt, + jcks, 

di W) 
i = jc, — yeh, 


in which 


FE, 2(2) = wave amplitudes in mode 1 (here always TEo1) and 
mode 2 (TMy or one of the TE),,), respectively; 
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V1.2 = JB. + o1,2 = propagation constants of modes 1 and 2, respec- 
tively, (the small perturbations of y, and ye 
caused by the coupling may be neglected here); 
and 

c(z) = coupling coefficient between modes 1 and 2. 
In the curved waveguide the coupling coefficient is proportional to the 

curvature k: 

cz) = ck) = we (2) 
dz 

in which @ is the direction of the guide axis. The coupled line equations 

(1) with varying coupling coefficient have been solved by W. H. Louisell 

and we shall borrow freely from his treatment.” 

We define local normal modes w,(z) and w.(z): 


iS 
ll 


[w, cos 4 & — w sin 3 Ele”, (3) 
2 = [w, sin 3 — + w, cos 3 Ele”, 


S 
I 


in which 


eC ai 


tan & = 72 ’ 
$= J Vo Fy Ay 





Substituting (8) into (1), we find that w,(z) and we(z) must satisfy 


dw, = = 1 dé 
qe OSs 
dwe 1 dé 


ra oy ae 


W2,; 
(4) 
+ T(@)w2 = 


where I'(z) = 4 ~/Ay? — 4c?. In (4) the local normal modes are coupled 
only through the terms poportional to d&/dz. When é is constant they are 
uncoupled and true normal modes. For small values of d&/dz or more 
specifically when 


FE ds K1 (5) 


27 dz 





approximate solutions of (4) can be written down, which proceed essen- 
tially in powers of d&/dz. These solutions are: 
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wi(e) = | en(0) + 5 ea) [SE a0? ae! 


~ + w1(0) ie ae ae us gag w|, 
4 0 dz 
(6) 


wi(z) = 6? — —- i wo) [ ¢ ae orete) aol 
ae erete) ' dé i ae wu | 
w2(0) (2 a dz" dz |, 


in which 
Ore : T(z’) de. 
0 


The initial conditions in the normal mode taper are #,(0) = 1 and 
fi,(0) = 0. The taper begins with zero curvature, £(0) = 0. Hence from 
(3) wi(0) = 1 and w.(0) = 0. The wanted local normal mode is w, while 
w, is an unwanted mode. At the end, 2: , of the taper the unwanted mode 


ORM CURV, 
nie 22, 


TURE 





CURVATURE k 


Fig. 1 — Normal mode bend with linear curvature taper. 
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amplitude is 
_ Lt ff dé pc) 
| we(a1) | = sf ze ae|, (7) 


This amplitude represents mode conversion loss and therefore has to 
be kept as small as possible. 

In (7) the function &(z), i.e., the taper function, is still undetermined. 
Obviously it can be chosen so as to optimize the taper performance. A 
taper of optimal design keeps the unwanted mode below a certain value 
with as short a taper length as possible. From (7) the relation between this 
optimizing problem and the problem of the transmission line taper of 
optimal design‘ is at once evident. The transmission line taper is a low 
reflection transition between lines of different characteristic impedances. 
To minimize the length of the transition for a specified maximal reflec- 
tion, the characteristic impedance has to change along the transition 
according to a function which is essentially the Fourier transform of a 
Tschebyscheff polynomial of infinite degree. The same procedure can be 
applied here and it will result in a curvature taper of optimal design. 

We are, however, at present not as much interested in a transition of 
optimal design as in a curvature taper which can easily be built. Suppose 
we bend the pipe to a bending radius R, which causes only elastic defor- 
mation. We do this on a form of radius R, , Fig. 1. The forces acting on 
both ends of the pipe cause a torque and hence a curvature of the pipe 
which increases approximately linearly from the pipe end (2 = 0) to the 
point of contact (¢ = 2) between pipe and form: 


k= ky =. (8) 
Al 
The corresponding curve which the pipe forms along the taper is Cornu’s 
spiral. . 
We shall evaluate (7) for a curvature as given by (8). In considering 
the mode conversion we may neglect all heat losses, that is y = jG, ete. 
With 


c= a= (9) 
we get 
a 
dz ABAr 1-4 coe ’ (10) 


AB? 
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and 














= AB 2; Coz / Coz \2 1 a ee se | 
Bed ae, | ez. pale (=) pS apse ee 
We introduce (10) and (11) into (7) and take advantage of 
Bae 
AB 
which is satisfied for a gentle enough bend. The unwanted mode level 
is then given by 


2 cal (12) 








Co el — ef 841) 


3 
Co 
AB, ie (s Se) va 
The general restriction (5) for the solution (6) in case of the linear 
taper is 
24) cfs a 
—— {1 ——— 1 
ABZ; ( ae AG? 2," = 


and in view of (12) only 











| we(Z1) | = 


is required. The length of the transition has to be of the order or greater 
than the largest beat wavelength. 

In addition to mode conversion loss the normal mode suffers heat loss 
along the taper. From (3) and (6) this heat loss is given by the real part 
of [yz — p(z)]. If AB > Aa we get 


z 2 
Rota eeode i Gi et (15) 


It follows from (15) that the attenuation of the coupled straight guide 
modes should not be too high for the normal mode bend to work properly. 


Ill. THE TOTAL BEND LOSS 


We will consider bends of the dielectric-coated waveguide only. The 
normal modes of the dielectric-coated waveguide have phase constants 
which are slightly different from the phase constants of the modes in 
the plain guide! 





Ties eee 
Bnm € 
2 / 
Tig ee eee Siesta | (16) 





with n40 Bam  Dnn? — Nn e’(1 — v*) 


TE Mt so aes 
an, One ae a 
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The losses in the dielectric coat increase the attenuation constants by: 


aD € 
a vn - 
Than — = — SS oo 
with n;40 Bau Dine =v n* e?(1 = Yam) oe 
” 
Phy ee 
? Bom 3 1- Vom? 


For the circular electric waves the dielectric coat increases ue wall eur- 
rent attenuation by 


2 
Pig ae i) ey (18) 
Q0m Vom 
The various symbols in (16), (17) and (18) are: 
Bam = plain guide phase constants of TM,» and TEnm respectively ; 


Dam = mth root of Jn(x) = OforTMrm , and mth root of J,'(x) = 0 
for TE,m Waves respectively; 





Page Dc: Daw cutoff factor in plain waveguide of radius a; 
Ne 2ra 
6 = © relative thickness of dielectric coat; 


a 
| 


= ¢’ — je” relative dielectric permittivity of dielectric coat; 
attenuation constant of TE,,, in the plain waveguide. 


I 


Qlom 
The coupling coefficient between the straight guide modes in a curved 
waveguide is c = c’/R in which?’ 
TE 2 TMuec’ = 0.18454 Ba, 
0.09319(8a)? — 0.84204 

V Boabua 

, 

TE, 2 TEne = eee = + 0.15575 ~/BoaBie.a, 


,  0.01376(Ba)? — 0.60216 
TEa eS TEx Cc = ae + 0.01376 V Bor aPi30, 
80108130 


where 6 = free-space phase constant. 
We consider the bend configuration of Fig. 1, with the curvature being 
a trapezoidal function of length. The maximum power loss due to con- 
version to one of the unwanted modes in the first transition is, by (18), 
4 Co 
(Agz)? Ap? 


TEx @ TEnc’ = + 0.09319 nana, 


(19) 








| we(z1) ere = 
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By the law of reciprocity the same conversion loss occurs in the second 
transition. Both conversion parts phase with each other. To get an aver- 
age total conversion we may add them in quadrature and the total con- 
version loss to one of the unwanted modes is, expressed in nepers, 


Ajo eG. 
° (Aba)? Ap?” 


Under most unfavorable phase conditions the conversion loss may be 
twice this value, but it is very unlikely that such phase conditions will 
be satisfied for all coupled modes simultaneously. 

Besides mode conversion loss the local normal mode suffers attenuation 
in the bend. This attenuation is larger than the straight guide attenua- 
tion. Each straight guide mode contained in the local normal mode of 
the bend causes an increase in attenuation. I'rom (15) the loss caused by 
one of these straight guide modes is: 


(20) 


l 2 
ens ae | ig (21) 


Where aim is the attenuation constant of the TE, and TMy waves 
respectively in the dielectric coated waveguide. 

Introducing the trapezoidal curvature function of Fig. 1 into (21) 
we get 


Ap = a (im _ ao) (: = +a). (22) 


The loss caused by the TE, attenuation in the straight dielectric coated 
guide is from (17) and (18) . 


2 2 Mu 
A, = aul E +(e —1) Pon ag ee aL (23) 
Vom 3 1 oat vor 
The total bend loss is finally obtained by summing up all the terms of 
(20), (22), and (28), 


A=4A,+ > 4.+ Ae. (24) 


The summation signs indicate that all coupled modes (TMy and TE») 
have to be taken into account. 

The effectiveness of the normal mode bend is best demonstrated by a 
practical example. A copper pipe now in experimental use at Bell Tele- 
phone Laboratories for circular electric wave transmission near 5.4 mm 
wavelength has 2-inch I. D. and 23-inch O.D. Suppose we want to change 
the direction of a waveguide line with this copper pipe bn an angle 6. 
We can do this most easily by inserting a dielectric-coated section, which 
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is bent around a fixed support in the center by forces acting on both 
ends. In order not to exceed elastic deformation the bending radius must 
not be smaller than 


E 
= Tt ay, > 
hf max 
Where fimax = flexural stress at elastic limit, 


i = modulus of elasticity, 
a, = outside radius of pipe. 


Fen in (25) 


This minimum bending radius requires a minimum length to change the 
pipe direction by a specified angle 4 given by 


Lint >= 26oRmin . (26) 


The total bend loss (24) has been evaluated for a bend configuration as 
specified by (25) and (26). The result is shown in Fig. 2. The total addi- 
tional bend loss is only of the order of the TE, loss in the plain straight 
waveguide. For small bending angles the curvature taper becomes shorter 
and consequently the mode conversion loss increases. The mode conver- 
sion loss, however, does not go to infinity for zero bending angle. In 
this case (14) is no longer satisfied, and the mode conversion loss is no 
longer described by (20). 

The level of the various unwanted modes which can be calculated from 
(20) is plotted in Fig. 2. 

For a practical waveguide one would decide on a standard length of 
dielectric-coated pipe, one or several of which would be inserted whenever 
a change in direction has to be made. Take, in our example, a standard 
length of 15 feet. With one such section a change of direction up to 15° 
could be made. For a change in direction up to 30° two such sections 
would have to be inserted and bent around a fixed support at the center 
joint. The total loss of Fig. 2 is then a maximum value, which would 
only occur when the pipe is bent to the highest allowable bending angle. 


IV. A NORMAL MODE BEND OF OPTIMUM DESIGN 


The various terms of the total bend loss (24) depend on the bend geom- 
etry in quite different ways. It is therefore likely that for a given bending 
angle @) a bend geometry can be found, which minimizes the total bend 
loss. The total bend loss can generally be written as: 


rage 1 (27) 
iu — w?)?? 
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a 
foes Ze am 7 





< Ye SS SY, 
° ce) Vy 
0 5 10 1 


e ielectric-coated ¢ copper pipe with 2-inch I.D. 
oO it of clasiie detonh nia = 54m m). 
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in which 
2 2 vt 
$= af 1+ — 1) PH st] + PE Bog 
Yor" a 1l— Vor : 


12 


C 
B= 2-6 (aim — a1), 


AB? 
Ae (28) 
2 
C = > AB! 60 ) 
aH 


Here again the summation signs indicate that all coupled modes have 
to be taken into account. The factors S, B, and C do not depend on the 
bend geometry, but only on the total bending angle, the waveguide prop- 
erties, and the frequency. Necessary conditions for A(u, /) to be a mini- 


mum are: 
oA 2 ~ 90) 3 _ CI - 
on I Se, E Fig’ | — 9% (29) 


with the two roots 


_ il 
C 3 
and 
1 - = U 

GA of ian pe a FO 8 (32) 

al Qd—-u?Ph (u- we , 
If u = $, the solutions of (82) are the roots of 

S?—-4Bl — 64C =0. (33) 


If (lu)? = 3(C/B), the solutions of (32) are the roots of 


c\E BNE 
b= (3 ‘) «(2) F (34) 


Sufficient conditions for A(u, l) to be a minimum are: 


0A O°A vA ) 
ie ob (24 (35) 
2 2 
af > 0, ve > 0, (36) 


ou, Or 
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If wu = 4, we have: 


Substituting 


we get instead of (33) 


and instead of (37) 


2 
WA 5 
dudl 
aA 8/B C 
“4 = 8 (2+ 08), (37) 
oe 2) 
ow OL [3 3 
z= s(S)2 
ON Bp? 
eee (38) 
(9916) 
~ATB (3 ; 
x(32*7 — 1) — 27° = 0, (39) 
dA .,B es 
aa 16> ( 1). 


The positive root of (39) is plotted in Fig. 3. It follows that if r > 1 we 
have x > 1, consequently @’A/du” > 0; and if r < 1 we have x < 1, 
consequently d°A/du” < 0. Consequently if, and only if, r > 1 the 
values u = 3 and x from Fig. 3 minimize the total bend loss A. 





Fig. 3 — Positive root of z3(822 — 1) — 2r3 = 0. 
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If (ul)* is equal to 3(C/B), 
aga (GAY ant 1 — a 
du? al? dudl/ ~~ du (1 — u)8’ 
and 
aA 2B1—2u 


oe lu d—u?’ 





Hence, if wu < 4 or, because of (31) and (34) r < 1, a minimum of A(u, 
1) is located at 
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Fig. 4 — 90° normal mode bend of inch I.D. copper pipe with a dielectric coat 
= 25,0 =25X1 h 


of 0-3. Optimum design for 5.4-mm wavelength. 
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To find the optimum bend geometry for a given dielectric coated guide 


and a specified bending angle we calculate r from (38). If r > 1 the opti- 
mum geometry is 


_ B _ ,/8 
1=24/2s and an /Bx 


with x from Fig. 3. If r < 1, 


3 3 3 
i= (3$) +(2), and 2, = (32) : 

A numerical example, the 90° bend of a 4-inch I. D. copper pipe, is 
shown in Fig. 4. The total bend loss in the optimally designed bend de- 
creases steadily with increasing thickness of the dielectric coat. This 
indicates that there is also an optimum coat thickness, which minimizes 
the total loss of the normal mode bend of optimum total length and taper 
length. Unfortunately, however, several approximations made in calcu- 
lating phase constants and coupling coefficients in the dielectric-coated 
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Fig. 5 — 90° normal mode bend of {-inch I.D. copper pipe with a dielectric coat 
0. 0078 inch thick (e’ = 2.5, e” = 2.5 X 107%), designed for optimum performance 
at} = 5.4 mm (55.5 kmc). 
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waveguide usually break down at smaller than optimum values of the 
coat thickness. 

It should be mentioned finally that the normal mode bend is an in- 
herently broad band device. Except for the oscillations of the mode con- 
version portion of the total loss as caused by spurious mode phasing, 
there is only a gradual change of the loss with frequency. 

Some terms contributing to the total loss decrease with frequency, 
others increase. The over-all frequency dependence is of the same order 
as the frequency dependence of the loss in the straight waveguide. As an 
example, in Fig. 5 the bend loss has been plotted versus frequency for 
the normal mode bend of Fig. 4. 
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